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Abstract 

We construct a family of automorphisms of Mickelsson algebra, satisfying braid group relations. The 
construction uses 'Zhelobenko cocycle' and includes the dynamical Weyl group action as a particular 
case. 

Contents 



1. IntroductiorJ 1 

2. Extremal proiectoil 3 

3. Mickelsson algebrasi 7 

4. Zhelobenko mapsi 14 

5. Homomorphism properties of Zhelobenko mapd 22 

6. Braid group actioni 25 

7. Mickelsson algebra Z„ (AA 30 

8. Standard modules and dynamical Wevl gronpl 34 

9. Quantum group settings! 38 

10. Concluding remarka 44 
Referencea 45 



1. Introduction 

Mickelsson algebras were introduced in |M| for the study of Harish- Chandra modules 
of reductive groups. The Mickelsson algebra, related to a real reductive group, acts in 
the space of highest weight vectors of its maximal compact subgroup, and each irre- 
ducible Harish-Chandra module of the initial reductive group is uniquely characterized 
by this action. 

A similar construction takes place for any associative algebra A, which contains a 
universal enveloping algebra U{q) (or its g-analog) of a contragredient Lie algebra Q 
with a fixed Gauss decomposition g = n_ + f) + n. Namely, we define the Mickelsson 
algebra S'"(^) as the quotient of the normalizer N{An) of the ideal An over the ideal 
An. In this case for any representation of ^ the Mickelsson algebra S'^{A) acts 
in the space of n-invariant vectors. This construction performs a reduction of a 
representation of A over the action of f/(g) and can be viewed as a counterpart of 
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hamiltonian reduction. It was applied for various problems of representation theory, 
see the survey |T2j and references therein. 

The structure of Mickelsson algebra simplifies after the localization over a certain 
multiplicative subset of ?7(f)), where f) is the Cartan subalgebra of g. The corresponding 
algebra Z^{A) is generated by a finite-dimensional space of generators, which obey 
quadratic-linear relations. These generators can be defined with the help of an extremal 
projector of Asherova-Smirnov- Tolstoy |ASTj . An application of the extremal projector 
to the study of the Mickelsson algebras Z"{A) was developed by Zhelobenko |Zhj . 
Besides, Zhelobenko developed so called 'dual methods', where he gave a construction of 
another generators of the Mickelsson algebra by means of a family of special operators, 
which form a cocycle on the Weyl group jZh2j . 

Later Mickelsson algebras regenerate in the theory of dynamical quantum groups. 
Their basic ingredients, intertwining operators between Verma modules and their ten- 
sor products with finite-dimensional representations actually form special Mickelsson 
algebras. Matrix coefficients of these intertwining operators are very useful in quantum 
integrable models [ES|. The powerful instrument for the study of the algebra of in- 
tertwining operators is a recurrence relation on the structure constants of the algebra, 
known as ABRR equation, see jiABRRj . 

Tarasov and Varchenko |TVj found the symmetries of the algebra of intertwining 
operators, which originate from morphisms of Verma modules. They satisfy braid 
group relations and transform the weights by means of a shifted Weyl group action. 
These symmetries got the name 'dynamical Weyl group'. The theory of dynamical 
Weyl groups was generalized to the quantum groups setup in |EVj . 

The form of operators of the dynamical Weyl group is very close to the factorized 
expressions for the extremal projector and for Zhelobenko cocycles |Zh2j . However, 
the precise statements and the origin of such a relation are not clear. One of our goals 
is to clarify this relation. 

In this paper we establish a family of symmetries in a wide class of Mickelsson 
algebras. They form a representation of the related braid group by automorphisms of 
the Mickelsson algebra Z"{A) and transform Cartan elements by means of the shifted 
Weyl group action. Each generating automorphism is a product of the Zhelobenko 
'cocycle' map g^. and an automorphism Tj of the algebra A, extending the action of 
the Weyl group in U{g) (or Lusztig automorphism of Uq{g)). The main new point of 
our approach is the homomorphism property of Zhelobenko maps, that was not noticed 
before. Unfortunately, the proof of this fact is not short and requires calculations with 
the extremal projector. 

The construction of automorphisms of Mickelsson algebra is quite general. In 

particular, it covers examples of Mickelsson algebras, related to reductions g' D g of 
one reductive Lie algebra to another, and of the smash product U{g) k 5'(V") of f/(g) 
and the symmetric algebra of a ?7(g)-module V, where it becomes the dynamical Weyl 
group action after a specialization of Cartan elements of g. It can be applied for the 
construction of finite-dimensional representations of Yangians and of quantum affine 
algebras, see [KNniKN2] . 

The paper is organized as follows. In Section El we collect a necessary information 
about the extremal projector and required extensions of U{q). 

In Section |21 for a fixed contragredient Lie algebra g of finite growth we introduce 
a class of associative algebras A, which we call g-admissible. They contain U{q) as a 
subalgebra and the adjoint action of g in ^ has special properties. In particular, A is 
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equivalent to a tensor product of U (g) and some subspace V G ^ as a 0-module with 
respect to the adjoint action. Mickelsson algebras, related to admissible algebras, have 
distinguished properties. The crucial one is the existence of two distinguished spaces 
of generators and z^, v G V. 

Section m is an exposition of the 'Zhelobenko cocycle' jZh2j . We present it with 
complete proofs in order to eliminate unnecessary restrictions, assumed in |Zh2j . The 
story starts with the map qo, which relates universal Verma modules, attached to 
different maximal nilpotent subalgebras of g. The product of such operators over the 
system of positive roots maps vectors f G V to the generators 2;^ of Mickelsson algebras. 
This invariant description proves the cocycle conditions for the maps q^. 

Section El describes homomorphic properties of Zhelobenko maps. We prove first 
that the Zhelobenko map q^ establishes an isomorphism of a double coset algebra and 
the Mickelsson algebra. This implies that the compositions q^ of Zhelobenko maps 
with extensions of Weyl group automorphisms are automorphisms of the Mickelsson 
algebras, satisfying braid group relations. 

In Sections El and IHl we calculate the images of generators of Mickelsson algebras and 
of standard modules over them with respect to q^ and show that the dynamical Weyl 
group is a particular case of our construction. Section [71 is devoted to the Mickelsson 
algebra Zn_{A), related to n_-coinvariants of ^-modules. 

Sectioniniis a sketch of extensions of the constructions to quantum groups U^{g)- The 
new important detail here is that compositions of Zhelobenko maps qa with Lusztig 
automorphisms coincide with the compositions of q^ with the adjoint action of Lusztig 
automorphisms, see Proposition 19.21 and Proposition 19.41 This allows to prove both 
homomorphism properties and braid group relations. We conclude with remarks about 
the range of assumptions on g-admissible algebras, used in the paper. 



In this section we review Zhelobenko's approach to extremal projector of Asherova- 
Smirnov- Tolstoy )ASTj . The exposition follows [ZhJ in main details. 

2.1. Taylor extension of U (g). Let g be a contragredient Lie algebra of finite growth 
with symmetrizable Cartan matrix aij, i,j = 1, ...r. Let 



be its Gauss decomposition, where f) is a Cartan subalgebra, n = n+ C b and n_ C b_ 
are nilradicals of two opposite Borel subalgebras b = b+ and b_. We use the notation 
n for the system of simple positive roots; A± and A = A_|_ ]J A_ for the systems of 
positive, negative and all roots; A!j5 and A'"^ = A^^ ]J A™ for the systems of positive, 
negative and all real roots. Let (, ) be the scalar product in ()*, such that {ai,aj) = 
dittij = djttj^i, for ai, aj G 11 and dt G N. 

Denote by Q C P)* the root lattice, Q = Z ■ A, and put Q± = Z>o ■ A-t. For any 
/i G Q"^ we denote by f/(n)^ and [/(n_)^ the subspace of elements x of U{n) and 
U{n-), such that [h,x] = (/i, h)x. We accept the normalization of Chevalley generators 
e^. G n, e_a. = /„. G n_, and of coroots = a,^ G {), where a, G 11, such that 



2. Extremal projector 



(2.1) 



= n_ + f) + n 








if j . 
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For any 7 G A we define a coroot /i^ G f) by the rule 

{a,a)ha + iP, P)hi3 = (a + P,a + P)ha+i3 if a, /3, a + /? G A+. 

Let W be tlie Weyl group of g. For any w e W we denote by : U{q) U{q) a 
lift of the map w : i) i) to the automorphism of the algebra U{q), satisfying braid 
group relations T^w' = Ty^T^,' if l{ww') = l{w) + l{w'), where l{w) is the length of 
w. For instance, we may choose T^,, as in [Lj. We accept a shortened notation Tj for 
automorphisms Tg^., where G 11. 

Denote by D the localization of the free commutative algebra t/(f)) with respect to 
the multiplicative set of denominators, generated by 

{ha + k\a e A,k eZ} . 

To any /i G f)* we associate an automorphism t^, of the algebra D. It is uniquely defined 
by the conditions 

(2.2) T^{h) = h + {h, ^) for any h e\). 
Denote by U'{q) the extension of f/(g) by means of D\ 

U'{q) = U{q) ®u(^k) D^D ®uiij) U{g) . 

Note that U'{q) is a Z)-bimodule and any automorphism admits a canonical exten- 
sion to an automorphism of U'{q), which we denote by the same symbol. 

Choose a normal ordering (see jT] for the definition) 71 -< 72 -< . . . ^ 7^ of the 
system A+ of positive roots of g (n = |A+| may be infinite). Let e±Q,, and ha, where 
a G A be Cartan-Weyl generators, constructed by recursive procedure, attached to 
this order. We assume that they are normalized in such a way that 

(2.3) [e„,e_J=/i„, e±^] = ±(/i„, /3)e±/3 . 

For any k G Z>q, k = (fci,...,/c„) with Ylki < 00 denote by ei the monomial 
e± = e^\ - ■ -e^^ G f/(b+) and by the monomial e^^^^ ■ ■ ■ e^"^^ G U{bJ). For every 
fi E Q denote by (i^g.n)^ the vector space of series 

of the total weight fj,. Set 

Proposition 2.1. (See |Zhj . Section 3.2.3) The space Fg^n is an associative algebra 
with respect to the multiplication of formal series. Its definition does not depend on a 
choice of the normal ordering -<. 

Clearly, Fg^n contains U'{q) as a subalgebra. We call Fg^n a Taylor extension of U'{q), 
related to the decomposition ()2.1|) . 

A choice of the normal ordering is a technical tool for a description of the algebra. 
It is used for a construction of particular bases in weight components of the algebras 
f/(n±). Instead, one can fix, for any z/ G Q+, a basis ej^^- of the finite-dimensional space 
U{n)i, and, for any z/ G Q-, a basis e~j of the finite-dimensional space U{n-)u- Then 
the space F^,g consists of formal series 

u'eQ.,j,j' 



5 



of the total weight fi G Q. 

2.2. Universal Verma module and extremal projector. Set 

M„(0)=f/'(0)/f/'(0)n. 

The space Mn(0) is a left U' {g)-module and a D-bimodule. It is called the universal 
Verma module. Since Mn^Q) is a f/(f))-bimodule, we have an adjoint action of U{[)) in 
Mn(0), defined as adhim) = [h,m] for any h E I) and m € Mn(0). We have the weight 
decomposition of M-n{g) with respect to the adjoint action of U{[)): 

Mnid) = ©MeQ_ (M„(0))^ . 

Denote by E'{q) the algebra of all endomorphisms of Mn{g), which commute with 
the right action of f/(f)). We have a linear map ^ : U'{g) E'{q), induced by the 
multiplication in U'{g) and establishing in Mn^Q) the structure of the left t/'(0)-module. 
For any /i G Q, define 

^/.(fl) = {ae E'{q) I [^{h), a] = (/x, h)a for any h e i)} , 

and set 

Proposition 2.2. (See |Zhj . Sections 3.2.4.-3.2.5) The map ^ induces an isomorphism 
of algebras: 

(2.5) e : i^0,n ^ i5(0) . 

The proof of Proposition 12.21 is strongly based on the nondegeneracy of Shapovalov 
form. 

Recall [SEl that the Shapovalov form A{x,y) : U{q) ® U{q) f/(f)) is defined 
by the relation A{x,y) = (3{x^ ■ y), where x i— x* is the Chevalley antiinvolution 
(e!|_Q, = e=pa, = h, {xyY = y*x*) in U{g) and f3 : U{q) f/([)) is the projection with 
respect to the decomposition 

f/(g) = Uii)) © (n_t/(0) + t/(0)n) . 

The Shapovalov form vanishes on the left ideal U{Q)n and is nondegenerate on [/(n_). 
It admits an extension to a nondegenerate form on Mn{Q) with values in D. 

For the proof of the isomorphism ()2.5p we choose for any u G Q~ a basis e~j of 
f/(n_),^, which is orthogonal with respect to the Shapovalov form, and take e'^^^^j = 

Proposition 2.3. (See |Zhj . Section 3.2.8) There exists a unique element G Fg^„, 
satisfying equations 

(2.6) e^Pn=P„e_„ = for all « G A+ 

with zero term /9(Pn) = 1- H is a self-adjoint projector of zero weight, P^ = Pn, 
P* = P 

The definition and the construction of the projector Pn depends on a choice of the 
nilpotent subalgebra n C g. When n coincides with a fixed nilpotent subalgebra n, 
entering the decomposition ()2.1|) . we omit the label n and denote the projector simply 
by P. 
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Note an important property of P , which follows from Proposition 12.31 

(2.7) P-lGFg,„nf|n_Fg,„. 

By means of Proposition 12.21 the element P is described as an element of E{q), which 
projects the universal Verma module Mn(g) to the subspace (Mn(0))" = Mn(0)o of 
n-invariants along n_Mn(g) = ©^<o (Mn(0))^. The element P is called the extremal 
projector. It was discovered in |ASTj . 

There are three distinct cases of the use of the extremal projector. 

1. Let \^ be a Fg n-module. Then P projects V on the subspace V" of n-invariants 
along the subspace n_V. 

2. Let \^ be a module over U'{q), locally finite with respect to n. Then P projects 
V on the subspace V" of n-invariants along the subspace n^V. 

3. Let be a module over U{q), locally finite with respect to b. Assume that 

e ()* satisfies the conditions: 

(2.8) {fi + p, ha) -1,-2, ... foranyaGA+, 

where p = | EagA+ «• 

Denote by the generalized weight subspace of V of the weight fi. Then P 
projects on fl along fl n_V. 

In the following, for any left [/(0)-module M, in which the action of the projector 
P is defined, we denote the corresponding element of EndM by p, and for any right 
[/(0)-module N, in which the action of the projector P is defined, we denote the 
corresponding element of End by p . 

The operator p satisfies the relations 

(2.9) p(e_^m) = e^p(m) = for any 7 G A+,m G M, = P • 
The operator p satisfies the relations 

(2.10) p{ne-y) = p(n)e_^ = for any 7 G A+,n G A^ P^ = P • 

2.3. Multiplicative formula for extremal projector. The extremal projector P 
for simple Lie algebras was discovered and investigated by Asherova, Smirnov and 
Tolstoy |AS1] . They presented a multiplicative expression for P, which was later 
generalized to affine Lie superalgebras and their g-analogs. We reproduce here the 
formula of |ASTj . 

For any a G A+ and A G f)* let /a,n[A] and fi'a.nfA] be the following elements of D: 

n n 

(2.11) /,,„[A] = l[{ha + {K, (7„,„[A] = n(-^" + ^) + j)"'- 

i=i j=i 

Define Pq[A] G Fg n and P-a[A] G i^g,n_ by relations 

(2.12) P.[A] = S^/.,n[A]e!^„e^, P_.[A] = ^^^7.,n[A]e^e!^„ 

n=0 n=0 

Set 

(2.13) P„ = P,[p], P_, = P_„[p] . 
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Proposition 2.4. (See |ASTj .) Let 71 -< ... ^ •jn be a normal ordering 0/ A_|_. Then 
the extremal projector P is equal to the product 

-< 

(2.14) p = n 

7eA+ 

where the order in the product coincides with the chosen normal order -<. 

-< 

Analogously, the product Yl P-7 is equal in Fg n_ to the projector P^^. 

For a generalization of (j2.14p to arbitrary contragredient Kac-Moody Lie algebras of 
finite growth and their g-analogs, see |T1 IKTj . 

We define also elements P[A] and P-[A] for any A G f)* by the relations 

(2.15) p[A]= n p-[A]= n 

7GA+ 7GA+ 

It is known (see jZhj . and also Section EUl of the present paper), that P[A] and P-[A] 
do not depend on a choice of the normal order. In this notation, P = P[p] and 

Pn_ = P-[p]. 

3. MiCKELSSON ALGEBRAS 

3.1. 0-admissible algebras. Let A be an associative algebra, which contains U{q) 
as a subalgebra. Then A has a natural structure of a f/(g)-bimodule. Since U{q) is 
a Hopf algebra, the bimodule structure produces an adjoint action of U{q) in A. We 
have 

(3.1) ad,{x) = Y,9:^S{g':), 

i 

where the coproduct A{q) of the element g G U{g) has a form A{g) = Ylid'i ® 9i 
and S{g) is the antipode of g. The adjoint action adg of an element G 5 is the 
commutator, adg(a) = ga — ag . 

In the sequel we use the following notation for the adjoint action: 

g{a) = adg(a), g e U{g),a e A. 

We call A a Q-admissible algebra, if 

(a) there is a subspace V C ^, invariant with respect to the adjoint action of 
U{q), such that the multiplication m in ^ induces the following isomorphisms 
of vector spaces 

(al) m:U{Q)^V^A, (a2) m : V ^U{g) ^ A; 

(b) the adjont action of real root vectors G U{q) in V is locally nilpotent. The 
adjoint action of the Cartan subalgebra 1) in V is semisimple. 

Sometimes we call V an ad-invariant generating subspace of the g-admissible algebra 
A. 

The condition (a) says, in particular, that ^ is a free left [/(P))-module and a free 
right [/(f))-module. 

Since the adjoint action of real root vectors in U (g) is locally nilpotent, the conditions 
(a) and (b) imply that the adjoint action of real root vectors is locally nilpotent in 
A, that is, for any a & A and 7 G A"^^ vectors ad g (a) are zero for sufficiently big n. 
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Thus the restriction of the adjoint action of U{q) to any s/2-subalgebra, generated by 
real root vectors e±^, where 7 G A^^, is locally finite in A. Since the adjoint action 
of the Cartan subalgebra U{i)) is semisimple, A admits the weight decomposition with 
respect to the adjoint action of U{i)). 

There are two main classes of g-admissible algebras. 

1 . Let g be a reductive finite-dimensional Lie algebra and gi a contragredient 
Lie algebra of finite growth, which contains g. Then the adjoint action of g in 
01 is locally finite and A = f/(gi) is a g-admissible algebra. 

2 . Let V be a f/(0)-module algebra with a locally nilpotent action of real root 
vectors. This means that V is an associative algebra, equipped with a structure 
of a ?7(g)-module, such that the action of real root vectors is locally finite. 
These two structures are related: the action of Lie generators G g satisfy the 
Leibniz rule: 

(3.2) g{viV2) = g{vi)v2 + Vig{v2) ■ 

Denote by f/(g) x V the smash product of U{q) and V. It is an associative 
algebra, generated by elements g G f/(g) and f G V, satisfying the relation 

(3.3) gv-vg = g{v), g e Q, fGV, 
and, more generally, 

(3.4) J29'^^^^9i) = giv), geUig), veV, 

i 

where S is the antipode in U{q), A{g) = J^ig'i ® g'i comultiplication in 

U{q). The smash product f/(g) x V is a g-admissible algebra. 
2a . Let \^ be a f/(g)-module and End^l^ be the algebra of the endomorphisms of 
V, finite with respect to the adjoint action of real root vectors of U{q). Then 
the tensor product U{q) (8> End'^V is a g-admissible algebra. This construction 
is a particular case of the previous one: the tensor product U (g) (S> End is a 
smash product of C ® End°l^ and of diagonally imbedded U{g), generated by 
the elements g®l + l®g,gEQ. 

3.2. Mickelsson algebras. Definitions. Let A be an associative algebra, which 
contains U{g). Let Nr(^n) be the normalizer of the left ideal An : 

X G Nr(^n) = nx C An. 

Denote by S"{A) the quotient space 

5"(^) = Nr(^n)/^n. 

Proposition 3.1. 

(i) The space S"{A) is an algebra with respect to the multiplication in A; 

(ii) Let M be an A-module. Then the space M " of n-invariant vectors in M is a 
S"^ (A) -module. 

The algebra S"{A) is called Mickelsson algebra |M]. Since () normalizes n±, we have 
the inclusion U{i)) C S"{A). Denote by A' the localization 

A' = D ^u{t,) -A . 
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By the condition (a) of a g-admissible algebra, we have a canonical imbedding of A 
into A' and thus an adjoint action of U (g) in A', compatible with the adjoint action of 
U{q) in A. 

Define Mickelsson algebra Z"{A) as the quotient 

= Nr(^'n)M'n, 

where Nr(^'n) is the normalizer of the left ideal ^'n of A'. The algebra Z"{A) is a 
localization of the algebras S"{A): 

Z"iA) = D0um S'^iA). 

We can change the order of taking quotients and subspaces in the definition of Mickels- 
son algebra. Then the Mickelsson algebra Z"{A) is defined as a subspace of n-invariants 
in a left [/(0)-module M„{A') = A'/A'n : 

Z"{A) = iM„{A'))" = {me M„{A') I nm = 0} . 

The algebra Z" acts in the space M" of n-invariants of any ^'-module M. 

3.3. Double coset algebra. Suppose that a (yf-admissible algebra A satisfies the ad- 
ditional local highest weight condition: 

(HW) For any w G V, the adjoint action of elements x G U{n)^ on v is nontrivial, 
x{v) 7^ 0, only for a finite number of /i G f)*. 

With this assumption the quotient Mn{A') = A'/A'n has a structure of a left Fg^^- 
module, extending the action of A' by left multiplication. In particular, the extremal 
projector P acts in the left Fg^n-module Mn{A'). 

The properties of the extremal projectors imply the relation 

(3.5) Z"(^) = Imp C M„(^'), 

where p G EndM„(^') is the action of P in M„{A), see Section IT^ 
Denote by n-An the double coset space 

(3.6) „_A, = n^A'\A'/A'n = A'/ {n^A' + A'n) . 
Equip n-'^n with a binary operation o : „ An ® n-A^ n-A„: 

(3.7) aob = aFb a ■ p(6) . 

The rule ()3.7|) means the following. For a class x in n.-^n, we take its representative 
X G A'. For a class y in n-^^n, we take its representative y G Mn{A'). Consider 
an element xp{y) in Mjy{A') = A'/A'n. Then its class modulo n_Mn{A') defines an 
element x o y of n^An- It does not depend on a choice of representatives. 

We call the double coset space n-^^n; equipped with the operation (j3.7p the double 
coset algebra n.An- 

Define linear maps 0"^ : Z"{A) — > n-An and ip^ : n-An — ^ Z"{A) by the rules 

(3.8) <P+{x)=x modn-Mn{A'), tp+iy) = p{y), x e Z"{A),y e n-An . 

Let us explain the formula ip^iy) = p(y). For a class y in n-An = A'/n^A' + A'n, we 
choose its representative y G Mn{A') = A'/A'n and take p{y). The result does not 
depend on a choice of a representative and is denoted by ip^iy). 

Proposition 3.2. Assume that a Q-admissible algebra A satisfies the condition (HW). 
Then 
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(i) The operation \3. 7| ) equips n--A-n with a structure of an associative algebra. 

(ii) The linear maps (p'^ and are inverse to each other and establish an isomor- 
phism of algebras Z'^IA) and n_^n- 

Proof Let x E Z'^iA'). Then p(x) = x mod ^'n due to (EI7|). Thus 7/^+ ■ 0+ = 
Idzr^{A)- On the other hand, due to the same property of P, for any y G A'/A'n, 

viy) = y T^od n^A' + ^'n . 

Thus 0"'" ■ = Id^ j^^. So the maps 0"'" and are inverse to each other. 

Let now x E A! and y E A! he representatives of classes x and y in n_^n) x = x 
mod ^'n and y = y mod ^'n be their images in M„{A'). We have ■ip~^{x) = p{x), 
i>^{y) = Piy) and ip+{x oy) = p(x ■ piy)). 

On the other hand, the multiphcation rule m in Z"{A) can be written as follows. 
Let z,u E Z"{A'). Let z' G Nr(^'n) be a representative of a class z G A'/A'n. Then 
m{z ®u) = 2;' ■ M as an element of Mn{A'). By ()3.5p . m(2;, -u) = p(z' ■ -u). Thus we have 
in 

m(p(x) (g) p(y)) = p(p(a;)' • piy)) , 
where p(a;)' is a representative of a class p(x) in By the property ()2.7|) . 

p(x)' = X + x' + x" , 

where x' G n 4' and x" G ^'n. Thus 

p(p(x)' ■ p{y)) = p(x ■ p{y)) 

due to ()2.7p and ()2.9|) . Thus ■0^ is a homomorphism, which proves simultaneously (i) 
and (ii). □ 

3.4. Generators of Mickelsson algebras. Let ^ be a g-admissible algebra with an 
ad-invariant generating subspace V, satisfying the highest weight condition (HW). By 
the condition (a) of a g-admissible algebra (see Section 13. ip and the PBW theorem for 
the algebra U{q), any element of A' can be uniquely presented in the following form 



X 



^JidiCiVi, where fi e U{n^), di e D, Ci e U{n), Vi E V . 



Due to the highest weight condition (HW), we can move all Cj to the right and get a 
presentation 

^ = J2■f^^^<^ ^^^^^ /:G[/(n_),<G Ae:G[/(n),^;:G V. 
In the double coset space this presentation gives 

X = d'^v'i, mod n_A' + A'n , where c/- e D, v'^eV . 

Proposition 3.3. Let Abe a ^-admissible algebra satisfying the highest weight condi- 
tion (HW). Then 

(i) Each element of the double coset algebra n__An can be uniquely presented in a 
form X = J^i^i'^i' where di E D, Vi & V, so that n_^n is a free left (and right) 
D module, isomorphic to D ®V (V ® /S.). 

(ii) For each f G V there exists a unique element z^ G Z"{A) of the form 

(3.9) z^ = v + ^difiVi , fi G n_f/(n_), d^ e D, Vi e V 

1=1 
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such that the algebra Z'^{A) is a free left (and right) D-module, generated by 
the elements z^. The element is equal to p(f). 

Proof. The part (i) is already proved. Applying Proposition 13.21 we see that any 
element of Z^{A) can be presented in a form ^jrfip(u^j), where di e D, Vi e V. The 
element z^ = p(f) has a form ()3.9|) due to the definition of the operator p and is 
uniquely characterized by this presentation. □ 

The Mickelsson algebras have distinguished generators of another type. Their exis- 
tence is imposed by the following proposition. 

Let A be an arbitrary g-admissible algebra with an ad-invariant generating subspace 

V. 

Proposition 3.4. For each v eV there exists at most one element z'^ G Z'^{A) of the 
form 

(3.10) 4 = + V diVifi , fi e n_t/(n_), di e D, v,eV. 

' 'i 

Proof Consider the case of the algebra Z'^{A). If m G Mn{A') = A'/A'n is a highest 
weight vector, that is Cam = for any a G A+, then dm is also a highest weight vector 
for any d & D. Thus (i) is equivalent to the statement that for any 7 G P)* there is no 
highest weight vector of the form 

(3.11) x = y^diVifi, fien-U{n-), dieD, ViEV, 

where all the terms have the weight 7 with respect to the adjoint representation of f). 
In other words, we should prove that the conditions [cq-, x] = in M^{A) imply x = 
in Mr,{A) if all fj G u_?7(n_). 

By the condition (a2) of a g-admissible algebra and the PBW theorem for U{q) the 
elements Vifi form a basis of Mfy{A!) over D if Vi form a basis of V and fi form a basis 
of f/(n_). Consider the terms of the right hand side of ()3.11|) with Vj having minimal 
weights with respect to other weights which occur in p.lip . Then the expression [Cq., x] 
contain terms Vj[eQ,., /,] which are nonzero for some ctj if fj G n_f/(n_). This is because 
all the highest weight vectors of Mn(g) have zero weight. Thus x cannot be a highest 
weight vector. □ 

We now specify to a case when A is an admissible algebra over a finite-dimensional 
reductive Lie algebra. 

Theorem 1. Let q be a finite- dimensional reductive Lie algebra and A a g-admissible 
algebra with generating subspace V. Then for any f G V there exists a unique element 
z'^ G Z"{A) i3.1(J^) . The algebra Z"(^) is generated by elements z[, as a free left (and 
right) D-module. 

Proof of Theorem ^ will be given in the next Section. 

3.5. Relations between two sets of generators. Extend the notation of canonical 
generators of Mickelsson algebras to the elements of D ®c V and V D. We set for 
any d E D and v eV 

(3.12) ^d^v d • Zy, ^d^v ^ ' ^v®d Z^ • d, ^v(S)d ' ^ ^ ('^) " 

Fix a positive real root a. We define now certain operators in a vector space V ® D. 
Accept the notation A^^'^ for the operator A 1 in a vector space V D and A^"^^ for 
the operator 1 ^ A. 
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Let a be a real root, For any G [)* and n > define operators /n^l [//.], gnlc[lj], 
B'^^^lp] and C^ll[X] e End (V ® D) by the relations 



(3.13) 



k=l 



~ f-ii 



(3.14) 



n=0 



n=Q 



Here /la^ = ^^hl adjoint action of ha in V, /la^ is the operator of multiplication 

by ha in D. 

Define also operators fi%[ij], gn)x[lj]i C and B^^[A] e End (-D0) by the following 
relations 



(3.15) 



k=l 

n 

9^n>]=Ui-h'a^+h<^^^ + (ha,n) + k 



k=l 



(3.16) 



n=0 



n=0 



Here ^ = ad is the adjoint action of ha in V, /la ^ is the operator of multiplication 
by ha in D. 

Let be a reductive finitc-dimcnsional Lie algebra. Let ^ be a normal ordering of 
the system A_|_ of positive roots. Set 

B«[A]= n B?^[A], C^\X]= n cL^i[A], 

C(^)[A] = n [A], bL^)[A] = n B^'i[A]. 

7eA+ 7eA+ 

Theorem 2. Let .4 6e an admissible algebra with a generating subspace V over a finite- 
dimensional reductive Lie algebra q. Then for any v & V we have the following equality 
in Z\A) 

(3-17) ^B(l)[p](,;®l) • 
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In particular, operators B''^^[p](t>) : V (8> -D ^ V ® -D do not depend on a choice of 
the normal order -<. 

Proof. Consider the left Fg^n-module Mn{A) = A'/A'n. The multiplication in A' 
induces an isomorphism of vector spaces Mn{A) and V ® Mn(g), where Mn(g) = 
U'{Q)/U'{Q)n: 

(3.18) m : V ® M„(s) ^ M^iA) . 

With this identification the tensor product V ® Mn{Q) becomes a Fg ^-module. As a 
(g)-module it coincides with the tensor product of V, equipped with a structure of 
the adjoint representation of U{g), and of the left [/(g)-module M^iQ) = U'{g)/U'{g)n. 
This follows from the Leibniz rule 

g{v ■ x) = {gv — vg) ■ x + v ■ (gx) = g{v) ■ x + v ■ gx , 

for any g e g, v E V and x G U'{g)/U'{g)n. 

The elements of D act by the following rule: for any ci e D, v e V of the weight /x^ 
and X e Mn{A) we have d- {v <S)x) = v <S)t^^ {d)x. Due to local finiteness of the adjoint 
action in V these prescriptions define correctly the action of Fg^n in V ® Mn{g). 

Under the identification ()3.18|) we have 

In order to express via we should write it in a form f • ^ di + lower order terms, 
where 'lower order terms' contain vectors, whose second tensor component lies in D ■ 
n_t/(n_). Write P as a series over ordered monomials in e^^, and e_^-, where 7^ G A_|_, 
with coefficients being rational functions of h^- such that in any monomial all e_^. 
stand before all e^^, in accordance to the rules of Fg^n, 

P = P (h^., 6-^-, e^.) . 

By a coproduct rule, in the action of P in V ® Mn{g) we substitute, instead of e±^., 

the sum e^-^, + e|^^. , and, instead of h^- , the sum h^^ + h^^ , each term acting in the 

(2) 

corresponding tensor component. The action of e\/ on f 1 vanishes, the action of 

(2) 

e_^. gives 'lower order terms'. So the term we are looking for is equal to 

This is precisely B^^\p\{v □ 
The operators B^^-'[p], B^''[p], C'^'^\—p\ and C^l\—p\, are closely related to the op- 
erators P[A] and P-[A], see (|2.15|) . Namely, denote by p^^"* and p^^-* the expressions 

7gA+ 7eA+ 

Then 

B«H = p«[(p + p(^))], cW[-p] = p«[- {p + p^% 

bL^^M = pL^)[(p + p«)], c(^)[-p] = p(^)[- (p + p«)]. 

The changes of coordinates, described in Theorem El and Theorem below can be 
inverted by means of the relation 

(3.19) P«[A]P_.hA] = ^^^^^^f^ • 
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This relation makes sense for a generic A in any finite-dimensional representation of 
8^2, see jTV], Theorem 10. 
So we have 



B«[p]-^=c«[-p] n 



ha' + {ha,p) 



(3.20) 

BL^)[p]- = C(^)[-p] n 77T 



Proof of Theorem^ The inversion relations ()3.20p imply that 

where 71 = HaGA -m" ^i^"'^'' — ■ Thus we have correctly defined elements z'^, which 
proves the first statement of the Theorem. Other statements follow from the corre- 
sponding statements of Proposition 13.31 □ 

Remark. If we replace the ring D by the field of fractions D = Frac(f/(f))), the 
statement of Theorem ^ does not require the precise inversion relation (j3.2H) . We just 
note that all the elements Vi, entering the right hand side of ()3.9|1 . belong to a finite- 
dimensional ad-invariant subspace V G V, generated by v. We move then all fi to 
the right and get a sum of elements z'^^ with coefficients in D. If we allow coefficients 
in D, such a transformation defines an injective operator in D ^V, which is a finite- 
dimensional vector space over D. Thus this operator is invertible. An advantage of 
the precise formula (j3.21|) is that it shows that the coefficients of the inverse matrix 
belong to D. 

4. Zhelobenko maps 

4.1. Maps and q^,. Let a be a real root of g. For any x ^ A and A; > denote 
by qa\x) the following element of A'/A'cg- 



(4.1) q(f)(x) = g ^^_l_e-^(a;) ■ e\ ■ ^?„,„ mod A'e, 
where 

(4.2) = {h^{h^ -l)---{h^-n + 1))-' . 
The assignment ()4.1|) has the following properties |Zhj : 



(4.3) 



(^) 




= 0, 


{^^) 


[K^g\x)] 




{iii) 


q«(x/i) 




iv) 







1 



h G {) 



Note that the quotient Ai /AiCa admits left and right actions of D, so the commutator 
[h, q^a\xy\ is well defined in (ii). The property (iii) in the notation ()2.2j) can be written 
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as 

(4.4) q(f)(x/i)=q(f)(x)r„(/.), heUH)). 

We extend the assignment (j4.H) to the hnear map qi'^^ : A' — A'/A'c^ by means of 
the relation (iii) and denote by q^ the hnear map qa-* : A' A' /A'ca, 

(4.5) q^(x) = V ^ — f^e^(x) ■ e\ ■ gn,a mod A^e^ ■ 

n=0 

The relations (j4.3p . (i), (iv) show that the image of qc belongs to the normalizer of 
^'ca in A! and the ideals ta-A and ^'e_Q, are in the kernel of q^. 

Consider the one-dimensional vector space Ce^ as an abelian Lie algebra Uq, = Ccq 
and one- dimensional vector space Ce_Q, as an abelian Lie algebra n_a = Ce_Q,. Follow- 
ing the notation of Section EUl denote by Z""(^') = Y{y{J^ to) I Al to. the Mickelsson 
algebra, related to the reduction to the corresponding s/2-subalgebra. 

Proposition 4.1. The map qa defines an isomorphism of vector spaces na-^n^a = 
eaA'\A' / A'c-a and Z^^i^A'), such that for any x G n^An^^, and d E D 

(4.6) [d,qa{x)] = qa{[d,x]), qa{xd) = qa{x)Ta{d) . 

Proof. First of all note that the properties ()4.3p . (i) and (iv), say that the map qo, 
vanishes on UaA' + A'u-a and thus defines a map of n^-^n^a to A'/A'na- Its image 
belongs to Z"(^) by (jOl), (iv). 

Let Qa be the s/2 subalgebra of g, generated by Ca, e_Q, and ha- 

Since a is a real root, the adjoint action of go, in g is locally finite and semisimple. 
So there is a decomposition g = go- + p, invariant with respect to the adjoint action 
of Qa- Poincare-Birkhoff-Witt theorem implies that the multiplication in f/(g) defines 
an isomorphism of tensor products f/(ga) ® S{p) and S{p) ® U{ga) with f/(g). Here 
S{p) is regarded as a subspace of f/(g), which consists of symmetric noncommutative 
polynomials on p. The space S{p) is invariant with respect to the adjoint action of go,. 
Thus t/(g) is ga-admissible. Since the adjoint representation of f/(ga) in U{g) is locally 
finite, and ^ is a g-admissible algebra, it is g^-admissible as well. Let Vq, C ^ be the 
subspace of A, invariant with respect to the adjoint action of g^ and the multiplication 
in A induces an isomorphism of vector spaces U (gc) ® Vq, and A. 

The double coset space n^-^n-c is a free Z)-module, generated by the vector space Vq, 
(see the formulas in Section IT^ with a replacement of n by n_Q,). On the other hand, 
the Mickelsson algebra Z""(^') is also a free D-module, generated, in the notation 
of the Remark in Section by the vectors z'^^^^, v G Va, see Theorem [T] By the 
structure of the map q^, see 1)4.11) . we have 

qa{v) = V + y^^Vifidi, 

where Vi G Vq, /, is a polynomial on e_Q without a constant term, di E D. In other 
words, 

(4.7) qa(^) = 4.,.- 

The relations ()4.7|) and ()4.4|) prove the proposition. □ 
Let us restrict the map qa to the normalizer Nr(^'n_.a). Due to ()4.3|) . (i), this 
restriction defines a map qa\Nr{A'n-a) '■ Z^-°'{A) Z"°'{A). We have also a map in 
other direction, q-a\m{A'nc,) '■ Z"°'{A) Z'""{A). 
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Proposition 4.2. We have equalities 

q_aqaix) = {ha + l)x{ha + iy^ for any x E Z^-^^A) 

(4.8) 

(laq-aiy) = {K + iy^y{K + l) for any y G . 



In particular, the restriction of tlie map qa to tlie normalizer Nr(^'e_Q,) defines an 
isomorphism of the vector spaces Z"-°'{A) and Z"°'{A). The inverse is given by the 
formula 

y^{h^ + i)-\-aiy)iK + 1), ye . 

Proof Take y e We have 

qaq-a{y) = [ XI ^^^^^-aiy)C " 9n,- 
\n>0 

= ( E lj,^~-^y^^-] ■ + 2)(/i« + 3) ■ ■ ■ + n + 1))-^ 

\n>0 ■ / 

= ^« ( E ^^e^e!! Jy) j . ((/i, + 2)(/i„ + 3) ■ ■ ■ + n + 1))"^ 

\n>0 ■ / 
( 1 \n+m 

= E —r^^aelel^iy) ■ e1^^ {{K + 2) + n + l))'^ ■ g^^^ . 

^-^ n\m\ 

rri,n>0 

Since qaQ-ad/) £ we can replace it by p„ {(la(l-a{y)), where is the projec- 

tion operator P, related to the s/2-algebra Qa, and p^, is the action of Pq, in A'/A'tia- 
Since p„(e_Q2) = for any z e A'/A'tia, we have 

qaq-aiy) = p. ( E ^-^^-ae'^e^.e^iy) {{K + 2)---{K + n + I))-' ■ g„ 

\ < ' n\m\ 



n\m\ 

\m,n>0 



E W n(^- -K + k- 1)-' lli-L + K + k + l)-'e"^J^e-J\{y) ] . 



n\m. 

\m,n>0 k=l k=l 



The expression inside brackets can be interpreted as 

P^a\-h^a^ ® P - P] ■ P^'M^ ® P + p](l ® 

in D ® Due to (jSH), it is equal to ^ y) = ® y) . It 

means that 

qaq-aiy) =Va ^ ^ ^ 1/ ^ = Pa ((/^a + + 1)) 

=(/l„ + l)-^p,(y)(/l„ + 1) = {h^ + l)"'y(/la + 1) . 

In the last line we used again the relation y = Paiy) mod A'na for any y G Z^°'{A). 
The second relation is proved in an analogous manner. □ 
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(k) 

4.2. Maps qa^m and qa,m- Let a be a real root of g, Cq, the corresponding root vector 
with respect to the decomposition ()2.H) . Let m be a maximal nilpotent subalgebra of q, 
conjugated to n by means of an element of the Weyl group W, such that is a simple 
positive root vector of m. Set m_ = m*, where x i— x* is the Chevalley antiinvolution 
in U{q), see Section IT^ For any x & A and > denote by qaln{x) the following 
element of A! / A!xn: 



oo 

(4.9) qgL(x) = ^ r^^,el-\x) ■ e\ ■ gn,a mod ^'m, 

where gn,a is given by the relation ()4.2|) . In other words, 

(4.10) qi%{x) = rcrn,^ ■ q^'\x) , 

where 7im,a '■ A/Aca — >■ A/ Am is the natural factorization map. Due to (j4.1Up . the 
assignment ()4.9|) satisfies the relations ()4.3|) and admits an extension to the map qi^m : 
A' A' /A'm, satisfying the relation 

(4.11) [d, qW (x)] = qgUK x]), qgL(xrf) = qi'^^Kid) , 

for any x & A' and d & D. We denote by q^^ ,^ the map qi°|n '■ A' A'/A'm. 

For any element w & W, where W is the Weyl group of g, and a maximal nilpotent 
subalgebra m C g, we denote by m"' C g the nilpotent subalgebra m"' = T^(m), see 
Section 12.11 

Lemma 4.3. For any k > 0, 

qgL(^'m-)=0. 

Proof. Denote by m(a) C m the parabolic subalgebra of m, generated as a vector 
space by all root vectors of m except Cq,. Due to ()4.3p . (i), it is sufficient to prove 
that qa,k{Am{a)) = 0. The basic theory of root systems for simple Lie algebras says, 
that e±a(m(a)) C m(a). Thus for any n > we have e'^{Am{a)) C Am{a) and 
^{ci)^-a9na <^ A'm{a), which imply the statement of the Lemma. □ 

Due to Lemma 1^751 the maps qL'^m induce linear maps of A' / A'Tn^" to A'/A'm. We 
denote them by the same symbol: 

q^l : A'/A'm'- ^ A'/A'm . 

Proposition 4.4. 

(i) The map qa,m transforms the normalizer Nr{A!m'^'^) to the Mickelsson algebra 
Z'^{A) = Nr{A'm)/A'm. 

(ii) The restriction of the map qa,m to the normalizer Nr{A!m'^°') defines an isomor- 
phism of vector spaces Z"^"" {A) and Z'^{A), satisfying (|^.ii| ) with k = 0. 

Proof. We prove first the statement (i). Let A+(m) be a system of positive roots, 
related to the decomposition g = rri- + [) + m. By assumption, a is a simple root of 
A+(m). 

Let X be an element of the normalizer of the ideal ^'m*", x G Nr(^'m*"). It means 
that e_aX G ^'m*" and e^x G ^'m''" for any root 7 G A+(m), 7 7^ a. 
Since eaqa,m = by (j4.3j) . (iv), we have to prove that 

(4.12) e^qa,m(a;) = for any 7 G A+(m) \ a . 
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Fix a positive root 7 G A+(m) \ a. Let 70, ...,7m be an 'a-string' of roots, starting 
with 7, that is 70 = 7, and 7fc+i =7^ + 0;. Since a is simple, all roots 7^ are positive, 
7fc G A_|_(m) \ a and for any /c = 0, . . . , m we have 

(4.13) e^(e^) = a^e^j^, /c = 0, . . . , m, G C , e^(e^) = 0, k>m. 
For any ?/ G ^ we have by ()4.13|) 

™ °° (—1)" 

fc=0 n=k ^ 

therefore, 

(4.14) e^q«(?/) = q„(e^?/) - ^ afce^,q(f)(?/) . 

k=l 

Iterations of ()4.14|) and a factorization by ^'m give the relation 

m 

(4.15) e^(\a,m{x) = qaA^^-yx) + ^ h(£l,{e^k^) , h E C. 

k=l 

The right hand side of (j4.15p is zero by assumption. This proves (j4.12j) and the state- 
ment (i) of the Proposition. 

Let us prove (ii). The root —a is a simple positive root for the algebra m'*". Thus by 
(i) the map q-a,m''" maps the normalizer Nr(^'m) and the Mickelsson algebra Z"^{A) 
to the Mickelsson algebra Z"°"(^). This implies that the map 

which sends x G Nr(^'m) to {ha + 1)^^ ■ q-Q,m^<» (x) ■ {ha + 1), also maps Z^{A) to the 
Mickelsson algebra Z"^"" (A). Proposition 14.21 savs that q'_„ is inverse to the map of 
Z'^'^IA) to Z^{A), induced by the restriction of qa^m to Nr(^'m*"). This proves the 
statement (ii). □ 

4.3. Maps qw,m- Let m be a maximal nilpotent subalgebra of 0, conjugated to n by 
an automorphism T^/, where w' G W, m = Tu;/(n), and m_ = Tu;/(n_) the opposite 
maximal nilpotent subalgebra. Assume that w E W satisfies the condition 

(4.16) dimT^(m) nm_ = /(w), 

where l{w) is the length of w in W. Since m = Tu;'(n), the condition (j4.16p is equivalent 
to the relation l{w'w) = l{w') + l{w). Let w be a reduced decomposition of the element 
w eW: 

(4-17) W = {W = Sa,^Sa,^ ■ ■ ■ Sa,J . 

Let n = l{w). Define a sequence Wi, W2, ■ ■ ■ , Wn, Wn = w of elements of the Weyl group 
W, a sequence 7i,72,...,7n of positive roots, and a sequence mo,...,mn of maximal 
nilpotent subalgebras of q by the following inductive rule : 

(4.18) Wo = 1, Wk+i = Wk-Sc 

(4.19) 7fc = w'wf,_^{aij , nxfe = T, 



n 



The relations ()4.1fij) . ()4.18|1 - ()4.19|1 imply that for any k = 1, . . . ,n the root vector e^j. 
is a simple positive root vector for the algebra irifc, and the composition 

(4.20) q?jj,m ~ Q.7i,mi ■ Q72,m2 ' • • • ' q-y„ 



we have 








(0 


Q.«J,m('^'^) 


= q«j. 




(n) 


' Q.T(J,m('^) 


= 




(iii) 




= 




(iv) 


*3ui'«i)(a)Q«J,m(''') 


= q^j. 


,m(^to''u;{Q)''') 


(v) 


6w'(a)Q.«J,m*a (■^) 


= (Iw. 


m^ct (c«)'(q!)3j) 
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is a well defined map q^j^nt '■ A' /A'va^ A' /A'm. The index W reminds that this map 
is related by the construction to a reduced decomposition (j4.17p . 

Denote by Ay;{m) the set of roots 71, ... , 7„, defined in (I4.19p . Alternatively, A,„(m) 
consists of all roots 7 G A(m) = w'{A^), such that ^""'^(7) G A(m_) = w'(A„). 

Lemma 4.5. (See [Zlij . Section 5.2.4) Let x G Then, in the notation ^^^-^W^, 

[p){d) for any deD, 

for any a G Aw{m), 
for any a G Att,(m), 
if l{w'wSa) > l{w'w) , 
if l{w' SaW) > l{w'w) . 

Proof The property (i) is a direct consequence of (j4.1ip . (ii). Indeed, the relation 
(|4.11|) . (ii), for /c = implies that for any x & A! and d E D we have 

Q«J,m(''''^) Q«',m('^)''"7i+...+7n l*^) Q«J,m(''') ' "^w' {p)—w'w{p)id') ■ 

Suppose that the relations (ii)-(iv) take place for all m = w'(n), and all reduced de- 
compositions of any element w of the Weyl group of the length less than n, such that 
l{w'w) = l{w') + l{w). Let ()4.17|) be a reduced decomposition of the element w of the 
length n. 

In the notation of (j4.18p - (j4.2(jp we have the equality q^^n^ = q?iy„_i,mq7„,m„, with 
l{wn-i) = n — 1. Thus, by the induction assumption, for any x G A', e^.qruj^ ^^m(x) = 
for i = l,...,n — 1 and e^„qj;[j^_-^^m{x) = (lw„^i,me-y„{x)- This implies equalities 
^'ji'iw ,m{x) = for i = 1, n — 1 and 

^■y„'iw,m{x) = Q«J„_i,m(3^)c7„q7„,m„(a^) • 

The last line is zero due to (j4.11|) . (iii). This proves the induction step for the statement 
(ii). 

On the other hand, present if as a product w = s^^w" , where w" is an element of 
the length n — \ with a given reduced decomposition w" = {w" = Sq,-^ ■ . . . ■ Sq,-^}. We 
have a decomposition qw^m = Q7i,m ■ <l«j",m2) where 

(4.21) qi(j",m2 ~ Q.72 ,1112 0.73, ma ' • • • ' q7„,mn • 

The induction assumptions say that qw" ,m2i^'n^) = for z = 2, ...,n by (ii) and 
by (v). Thus qw,m{^'yiX) = for i = 2, ...,n and 

QuJ,m(^7i''') Q.7i,mQ.I(J",m2 (^71-^) Q.7i,m(67iQ.iiJ",m2 ('^)) 

by (j4.3p .fiv). This proves the induction step for (iii). 

Let us prove the induction step for (iv). Take a simple root a, such that l{w'wsa) > 
l{w'w). Let 7 = w'w{a). Then 7 is a positive root and the sequence 

(4.22) 7i,-,7n,7 

is convex, that is, the sum of any two elements of the sequence lies between them, if 
the sum is a root. Let /iq, . . . , jJim be the finite "71-sequence' of positive roots, starting 
with 7, that is, = 7, fi^+i = /^fc + 7i- Then each /i^ belongs to the set (j4.22|) . 
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/ifc = 7i^., where ik G {2, n} if k > 0, and e^(e^) = a/cC^^ with G C, and e^(e^)=0 
for k > m. This imphes, see the proof of Proposition (j4.4p . that 

m 

(4.23) e^q^i(7/) = q^,{e.,y) + ^hq\^Xef,^y), bk e C . 

k=l 

The relation ()4.23p imphes the equahty 

m 

e^qw,m{^) = q7i,m(e^q«j",m2(a;)) + ^hq\^^,mie,ik^w",m2ix)) , 

k=l 

where qw",m2 is defined in ()4.2H) . The induction assumption says that e^quy"^^^2(3^) = 
Q«j",m2(c7^) efik'iw",m2 = k > 1. This imphes the induction step for (iv). 

The statement (v) is proved in an analogous manner. 

4.4. Map q^^Q. In this Section we assume that g is a finite-dimensional reductive Lie 
algebra and ^ is a g-admissible algebra. In this case the Weyl group W is finite and 
the adjoint action of g in ^ is locally finite. 

Set m = n and for any w &W and a reduced decomposition W = {w = Sq.^ • • • Sq.^ } 
denote the map qw,n as qjjj: 

qjv — Q«J,n ■ 

Let wq = {wq = Sq-^ ■ ■ ■ Sq,-^ } be a reduced decomposition of the longest element 
Wo G W. The map q^y has the following properties: the right ideal n^' is in the kernel 
of qjjjg by Lemma l4.5[ (ii), and the image of q^^^ is in the normalizer of the left ideal 
A'n by Lemma 1131 (iii)- It means that it induces the map of the double coset space 
^An_ = nA'\A'/A'n- to the Mickelsson algebra Z"(^): 

qwQ ■ nAn_ > Z (vA) . 

Let V C ^ be an ad -invariant generating subspace of A. Let z'^, where w E V, he 
the canonical generators of the D-module Z"{A), see Theorem^ 

Proposition 4.6. The mapping qi^^ of vector spaces defines an isomorphism of the 
double coset space nAn_ and Z"(^A) , such that for any x G n_'An; d E D and w G V we 

have 

(4.24) [d,qwo(x)] = qi^o([rf,a;]), qiEo{.xd) = qjjj^{x)Tp_^^(^p){d) , 

(4.25) q^o(^)=4- 

Proof. The arguments are the same as in the proof of Proposition 14.11 
The double coset space n-^n. is a free D-module, generated by the vector space V . On 
the other hand, the Mickelsson algebra Z"{A) is also a free D-module, generated by 
the vectors z'^, v G Va, see Theorem [T] By the structure of the map qw^, 

qwoiv) = w + ^Vigi, 

where Qi G U'{g), and f j G V have the weight strictly bigger then the weight of v, that 
is, ii{v — Vi) G Q+, nil) — Vi) 7^ 0, where /i(x) G ()* denotes the weight of x. We can 
present further any gi as a sum gi = J2j fij^ijCij, where fij G f/(n_), dij G D and 
Cij G U{n). The terms, where Cjj ^ 1, vanish by definition in Z"{A) , so we have the 
equality (jOHD- ' □ 
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Proposition 14.61 implies that the map q^jg does not depend on a reduced decomposi- 
tion of Wq. We denote it further by q^j^, 

Corollary 4.7. The restriction of the map qy^^ to the normalizer Nr{A'n-) defines an 
isomorphism of vector spaces Z"' (A) and Z"{A) , such that 

[d,qjno{x)] = qujoi[d,x]), qt„oM = qt«o(2^)^P-t«o(p)('^)) de D, 

(4.26) qu;o(^n_,t,) = veV. 

Here Zn_^v are generators of the Mickelsson algebra Z"-{A) of the 'first type', see 
Proposition l3.3[ z'„^ = z'y are generators of the Mickelsson algebra Z"{A) of the 'second 
type', see Proposition 13.41 

Proof. We have n_ = n*^" and all the statements of the Corollary follow by induction 
from Proposition 1131 We should prove only the equality (j4.26j) . By the definition (|3.9|) . 
the element Zn_^y G Z"-{A) has a form 

Zn.,v = V + didVi , Ci G nf/ (n), di e D, Vi eV , 

that is, Zn_^y = V mod n^'. By the properties of the map q^^, we have qwo{zn-,v) = 
q«,o(^^)=4- n 

4.5. Cocycle properties. In this Section g is an arbitrary contragredient Lie algebra 
of finite growth, ^ is a gf-admissible algebra, m a maximal nilpotent subalgebra of g, 
conjugated to n by an element of the Weyl group W, and w an element of W, satisfying 
the condition ()4.16|) . 

Proposition 4.8. The maps qw,m do not depend on a choice of the reduced decompo- 
sitions of w G W . 

Proof. First we take an element w G W, equal to the longest element of a reductive 
subalgebra g' C g of rank two. Then the algebra g' = n'_ + [) + n' is generated by the 
elements e±^- and h E I), where 71, . . . , 7„ are the members of the sequence (|4.19|) . such 
that all e^^ G m by the condition (|4.16|) . By Proposition 14.61 the map 

q«j,n' : A' A'/A'n' 

does not depend on a reduced decomposition of w. The map 

q^,m : A' A'/A'm 

is the composition of q^jy and the natural projection of A'/A'n' to A'/A'm and thus 
also does not depend on a choice of the reduced decomposition of w. 

This result implies the statement of the proposition for general w, since any two 
reduced decompositions are related by a sequence of flips of reduced decompositions of 
longest elements of rank two subalgebras. □ 

With the use of Proposition 14.81 we simplify further the notation for the maps qw,m 
and q^j and write them as qw,m and q^: 

qto,m = q«j,rTn q«) — q«7 — q«j,n • 

Proposition 14.81 can be formulated as the condition 

(4.27) q«;'«;,m = q^«',mq^„,m»^ l{w'w) = l{w') + l{w) . 
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This statement is known as 'Zhelobenko cocycle condition'. 



5. HOMOMORPHISM PROPERTIES OF ZHELOBENKO MAPS 

5.1. Homomorphism property of maps q^. Let A be an admissible algebra over 
a contragredient Lie algebra q of finite growth. Let a be a real root of g, Qa the 
s[2-subalgebra of q, generated by e±a and ha, n±a = Ce±a. Since the algebra A is 
0-admissible and the adjoint action of Qa in q is locally finite, A is fla-admissible as 
well, see Section 14.11 In this setting we proved in Section 13.31 that the double coset 
space naAn_^ = nQ,^'\^Y^'n_a can be equipped with a structure of an associative 
algebra with the multiplication rule 

aob = ap^^{b) = p_„(a)6, 

in the notation of Section 12.21 and Section 13.31 

The following theorem is the basic point for applications of the Zhelobenko operators 
in the representation theory of Mickelsson algebras. 

Theorem 3. The map qa '■ naA„_^ —>■ Z^°'{A) is a homomorphism of algebras. 

Theorem El and Proposition 14.11 imply that q^ establishes an isomorphism of the 
double coset algebra n^An.^ and Mickelsson algebra Z"°'{A). On the other hand. 
Theorem 121 implies the equality 

(5.1) (laixy) = qaix)qa{y) , for any x E A', y E Nr(^'n_„) . 

Indeed, if y E Nr(^'n„a) and y is the class of y in A'/A'n^a then y = p_„(y) and the 
first equality in (|4.12p is a corollary of the first statement of Theorem |31 

Proof. Let P_q, be the extremal projector, related to the decomposition 0o = rio + 
Cha + xi-a of the algebra Qa. It is given by the relations ()2.12j) and ()2.13|) . The 
corresponding operators p.^, : A'/ri-aA' A'/ri-aA' and p.^, : A'na\A' A'na\A' 
can be written as 

1 1 

(5.2) p_„(x) = V — -Teae"^aix) mod A'e.a , 

ml [ha-2)---[ha-m- 1) 



(5.3) P-.(^-) = E — (,„ _ 2) . . . (h„ - „ - 1) '"""'^^ 

We should establish an equality 

(5.4) q^ {v-a{x)y) = (la{x)qa{y) for any x E naA'\A', y E A' . 
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Suppose y E Ais a weight vector of the weight fiy G f)*, such that [ha, y] = i^yV for any 
h e^. We have 



= q« (E 



(-1)"' ^m/ \ m 1 

m>0 m! {ha-2)---{ha-in-l)' 

m>0 m! "^a V-^/'^-ay (h^_2+Mj,)---(/i<:<-ni-l+/iy) 



(nil™ ^m/™\ „m „, \ 1 



m>0 m! ^a[^)^-ay J (ha+lMy)--iha-m+l+fiy) 

n-\~m 



W-^J ~ Z^n,m>0 n!m! 1^ -aiJ ) ^ -ex 

= E 



9n,Q (/iQ+Ma)---(/ia— m+l+Ma) 



?i,m,>0 n!m! 

Y.l=,{^l)ei{e^{x)e^:)el-\y)e-_ ' 



""9n,a (/lQ,+/ii/)---(/!.a-m+l+/iy) 

_ y^oo MT^fc ('sm/ \ m ^ 1 n^^^(ii\ 

l^k,m=0 m\k\ '^a \^a\-^)^-a) (hc+2k)-iha+2k-m+l)^'^ • 

The sum of the terms with = in ()5.5p is qa{x) ■ qa{y)- So it is sufficient to prove 
the folfowing identity in A'/A'ca'- 



^ ( 1 \m -I 



for any x,y & A. 

We have for any k >1: 

el (C(^)e-.) 
=e^i (er'(x)e!!^„ + me^{x)e^-\K - m + 1)) 
(5.7) (er'(^)e"J + me^' (e™(x)e™-i) - m + 1) 

-2m(A;-l)e^2 (e^(x)e!!^-^) e„ . 

Denote the left hand side of ()5.6|) by S. Substitute ()5.7|) into S. We get 
^ ^ m\k\ 

k=l m=0 

-a le, ia;je_ J ^ 2A;) • ■ ■ (/i, + 2A; - m + 1) 
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Substitute {h^ — m + 1) = {ha + 2k — m + 1) — 2k into the second sum and use the 
relation (j4.3|) . (iv) in the third sum. We get 

;-ir 



^ m\k\ 

k=l m=0 



1 



a [e^ [x)e_a) ^f^^^2k)---iha + 2k-m + l) 
+ mC^ (e-(x)e--) ^ ^k) . . . (K + 2k - m + 2) ^^'' 
- (^^^^)^-"") + 2.) ■■■(/.' +2.-^ + 1) ^-"^^) 

+ 2mkik - 1)^^ (e-(.)e--) (,^^ - 2) ■ ■ ■ (I + 2. - ^ - 1) ^"'"^^^ 

Change indices of summation: m to m + 1 in the second and third sums; m to m + 1 
and /c to A; + 1 in the last sum. Then 



m!/c! 

fc=l m=0 



1 



^ 2fc) . . . + 2* - m + 1)''° '''' 

The theorem is proved. □ 

5.2. Properties of maps „ cind qw^m- Let a be a real root of the Lie algebra 0, 
Cq, the corresponding root vector with respect to the decomposition ()2.1|) and m = rC", 
where w G W, a maximal nilpotent subalgebra of q, such that Cq, is a simple positive 
root vector of m. 

Theorem 4. For any x e A', y E iVr(^'m*") 

Proof. Since y e Nr(^'m*"), its image y in Mm=a{A') = A'/A'xn''" satisfies the 
relations e^y = for all 7 G A+(m*"). In particular, we have the equality 

(5.8) e_„y = in A'/A'm'". 

Let fla C be the sl2-subalgebra, generated by e±a and ha- Since A is g-admissible, it 
is flo-admissible as well and M^s^ {A') is locally nilpotent with respect to e_Q. Thus the 
extremal projector P_q,, related to n_a = Ce_Q, acts in M^sa{A'). Denote, following 
the notation of Section UTR its image in EndM^sa^A') by p_^. By (15. 8|) and the 
properties of the extremal projector, we have 

(5.9) y = P^aiy) in A'/A'm^'^. 
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The equality ()5.9|) can be read as 

y e Nr(^'n_a) mod ^'m'*" , 

that is y = y' + z, where y' G Nr(^'m_a) and z G ^'m*". 

Indeed, p_a(i/) G Nr(^'m_o) mod A'xa^a and Alvci^a C v4'm''". Due to Theorem El 
see ()5.ip . and the properties of the maps q^.m, we have 

qa,m(a;i/) = (la,m{.Xy') = qa,m(a;)qa,m(l/') = qa,m(a;)qa,m(y) • 

□ 

Combining Theorem |21 with the statements of Proposition 14.41 and Proposition U.'S\ 
we conclude that the restriction of the map qo^rn to the normalizer Nr^^'tn*'^) defines 
an isomorphism of the algebras Z"^"" (A) and Z^{A). 

Iterations of these conclusions give the following statement. 

Proposition 5.1. For any w',w G W, such that l{w'w) = l{w') + l{w) and m = n""', 
the restriction of the map qw,m to the normalizer Nr{A!viC") defines an isomorphism of 
the algebras Z'^'^ {A) and Z'^{A) such that for any x G Z^"" (A) and d E D we have 

[d,(\w,m{x)\ = q^,m([d, X]), qw,m{xd) = qni,m{x) ■ T^'{p)^w'w{p){d) ■ 

The case of a finite-dimensional reductive Lie algebra g and the element wq of the 
maximal length is special. In this case the following statements hold: 

Proposition 5.2. 

(i) The map q^^ defines an isomorphism of the double coset algebra n-^n_ '^^'^ the 
Mickelsson algebra Z"{A) such that for any d E D , v & V and x G Z-p^_ {A) we 
have 

qwo{.v) = 4> [d,(\wo{.x)] = q^o([d,a;]), q^oixd) = q^o{x)T^.^,,^p){d) ; 

(ii) the restriction of the map q^^ to the normalizer Nr{A'n-) defines an isomor- 
phism of the Mickelsson algebras Z^-{A) and Z^{A) such that for any d E D, 
f G V and x G Z"- (A) we have 

qwoi^n-,v) — [d-i qwoi^)] = qiDQ{[d, x]), q^^^^xd) = quio('^)''p-wo(p)('^) • 



6. Braid group action 

6.1. Operators q^. Suppose that the automorphisms T^j : U{q) ^ U{q), w E W 
admit extensions to automorphisms : ^ — ^ of a g-admissible algebra A. Such an 
extension is uniquely determined by automorphisms : A ^ A, defined for all simple 
positive roots a^, which extend the automorphisms Tj : f/(s) — > U{q), see Section ITT] 
and satisfy braid group relations, related to q: 

(6.1) T,T^Tr-- = T^T^Ty, i^j, 




where rriij = 2, if ajj = 0; niij = 3, if Cii,jCij,i = 1; rriij = 4, if aijaj^i = 2; mjj = 6, if 
ttijaj^i = 3; and rriij = oo, if dijCLj^i > 3. Having (jHH}, for any w E W we define the 
automorphism : ^ — > ^ by the relation = T^^ ■ ■ ■ T^^ , where w = Sa^^ ■ ■ ■ Sq^^ is a 
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reduced decomposition of w. Then the elements do not depend on a choice of the 
reduced decomposition and satisfy the relations 

(6.2) T^,^ = T^,-T^, if l{w'w)=l{w') + l{w). 

The automorphisms Tj (and T^) admit unique extensions to automorphisms of the 
algebra A! , satisfying We denote them by the same symbols. 

For any maximal nilpotent subalgebra m = n"', where w & W , and a root a, such 
that the root vector Cq, is a simple positive root vector of m, we have the following 
relations: 

(6.3) Qa,m = -^u)Qu'~i(a),n^«, • 

For each aj G 11 define operators : A! / A!x\. A! / A!x\. by the relations 

(6.4) q. = qs., -T,. 

In (16. 4j) . we understand q^^. = q^.^n as maps q^^^n : A' /A^xv^^i Ai /A!n, given by the 
relations (j4.9p - (j4.1ip . With the same agreement for any w & W we define operators 
({w '■ A'/A'n A'/A'n by the relations 

(6.5) qw = qw -T^ ■ 

The relation (j6.3j) . Proposition 14.81 and its analog for the maps qw,m imply 
Proposition 6.1. Operators q^ satisfy the braid group relations 

(6.6) Qiqrj = ^jQi^. ^ ^ i • 

In other words, for any reduced decomposition w = Sq,._^ ■ • • Sq,.^ we have equalities 
qw = Qii ■■■qi„, so 

(6.7) q^/^ = q^/q^ if l{w'w) = l{w') + l{w) . 
Proof. Let w',w eW and l{w'w) = l{w') + l{w). We have by and 

q-w'w qw'w,nl^wiu> Q.«'',nQi_u,n"'' -^ui'ui 

~qw' ,n ^w'qw^nTw' ) ^w'w ~ Q«i'',n^i_u'Q.ui,n^ui ~ • 

Thus we have the relations (j6.7p . which are equivalent to the braid group relations. □ 
For any w & W denote by wo the shifted action of w 'm.\)*: 

W O jJi = w{fi + p) — p . 

It induces the shifted action by automorphisms of in characterized by the rela- 
tions 

(6.8) W oha = K{a) + {K,w{p) - p) . 

Theorem m and Proposition I5.1l implv 

Proposition 6.2. For any x G A! / A!x\, y G Z^{A) and d E D we have 
qi{[d,x\) = [saXd),qi{x)], qi{xd) = qi{x) ■ {sa, o d) , 
qi{xy) = qi{x) ■ qi{y) . 

Corollary 6.3. 

(i) The restriction of operators q^ to Z^{A) defines an automorphism of Z"{A), 
satisfying \6. y\) . 
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(ii) For any x G Z'^{A) we have 

c^,{x) = {K^ + ir'Tf{x){K^ + l). 

Proof. The statement (i) of the Corollary is a direct consequence of Proposition 16.21 
The statement (ii) follows from Proposition 14.21 and Proposition IHl Namely, for any 
X G Z^{A) we have by Proposition 14.21 

qi(a;) = ({a,,nTi({a,,nTi{x) = q«,,nq_„,,„.. (7^^ (x) ) = {ha, + 1)~^T^ {x){ha, + 1). 

□ 

Clearly, all the statements of Proposition 16.21 remain valid for all operators q^, w & 
W. The properties ()6.9|) . ()7.16p look as 

qyj{[h,x]) = [w{h),qyj{x)], q^{xd) = qyj{x) ■ {w o d) , 
qwixy) = q^{x) ■ q^{y) 



6.2. Calculation of qi{zy). Denote by /„_ the image of the right ideal U-A' in A' /A'n: 

/n_ = in^A' + A'n)/A'n. 
Lemma 6.4. For any G II we have an inclusion 

(6.11) qi(/n_)c/„_. 

Proof. We have to prove that for any 7 G A+ and x & A' 

(6.12) qaXTi{e-^x)) = e-^y 
for some G and y G A' /A'n. li •y ^ ai then 

qa,(7;(e_^x)) = qa,(e_y ■ T-{x)) , 

where 7' = Sq. (7) G A+\aj, and the statement of the lemma follows from the invariance 
of the subalgebra n_(Q!j) with respect to the action of Cq-. Here n_(aj) is generated by 
root vectors e_^, where 7 G A+ \ ttj. 

If 7 = then the right hand side of (j6.12j) vanishes due to (j4.3j) . (i). □ 

Suppose that an ad -invariant generating subspace V of a g-admissible algebra A is 
invariant with respect to the action of the automorphisms Tj, Tj(V) = V. Suppose that 
A satisfies the highest weight (HW) condition. With these assumptions we calculate 
the elements qi{zy), where v eV and Zy are the generators of Z"-{A), defined in Section 

Keep the notation of Section 13.41 and Section 13.51 
Proposition 6.5. Assume that A satisfies the HW condition. Then 

The operators C|^q[A] are defined in Section ESI 

Proof. Assume that A satisfies the HW condition. By definition of the elements Zy, 
we have Zy = v mod /„_ . Lemma 16.41 then implies that 

qi{zy) = qi{v) mod /„_ . 
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We have 
qi{zy) = qi{v) mod /„„ 



Y] ^el{v)el^ga,n mod /„_ 



n>0 



E^e\e]^{v)ga,n mod /„_ 
n.' 



n>0 



E^^7? TTTT , \, ru -u -,^~ae» mod /„ 



n>0 



(^a - ha){ha - + I) ■ ■ ■ {h^ - ha + U - 1) 



This is precisely the statement of the proposition. □ 
Remark. Let w = s^^ ■ ■ ■ Sa„ be a reduced decomposition of an element w G W. Let 
7i, . . . ,7„ be the corresponding sequence of positive roots: 71 = ai, 72 = Sai{a2), ■ ■ ■■ 
Then the properties of the maps q^, see Proposition 16.21 imply the following relation 



6.3. Calculation of qi{z'^). In this Section we assume that q is an arbitrary contra- 
gredient Lie algebra of finite growth and the generating subspace V of a g-admissible 
algebra A is invariant with respect to the action of the automorphisms T^. With this 
assumption we calculate the elements qj(2;(,), where f G V and are the generators of 
defined in Section ITl 

Proposition 6.6. Assume that the element z'^ G Z^{A) is defined. Then the element 
qi{z'^) is also defined and is given by the relation 

(6.13) ^^(^^) = ^bL%W(i«t,(.))- 

The proof of Proposition 16.61 is based on the following Lemma. 
Let a be a simple positive root, n±(a) subalgebras of n±, generated by all root 
vectors except e±a- 

Lemma 6.7. Suppose that the element z'^ exists. Then it admits a presentation 
(6-14) 4 = qaiv) + ^ e":aVj,ndj,nfj,n , 

where vj^n e V, dj^n G D, fj,n e n_(a)f/(n_(a)). 

Proof of Lemma. Using the PBW theorem, present z'^ in a form 

Zy = x + y, 

where 

X = v + Vkdkcta, Vk eV,dk e D, 

G V,dj^n e DJj^n e n_(a)[/(n_(a)). 

n>0,j 
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By definition, z'^ satisfies the equation [e^, z'^ = mod A'n. Since the algebra n_(a) 
is invariant with respect to the adjoint action of e^, the commutator [e^, y] is an element 
2; of the same kind, so we have two equations 

[ea,x] = mod ^'n and [ea,y] = mod ^'n. 

The first equation has a unique solution x = qa{v). To finish the proof of the Lemma, 
we move all factors e"^ in the presentation of y to the left, using commutation relations 
in A. □ 
Proof of Proposition inini The application of the automorphism Tj to the presentation 
(l?mi gives 

(6-15) 7;q„^,„(M) = Tiqa„n(^^) + (^l.^j,ndj,nfj,n , 

n>0,j 

where Vj^n = T^ivj^n) e V, = Ti(/j>) G n (Q^ )[/(n_(a^)) and dj^n = Ti{dj^n) e D. 
Now we apply the map qQ,,,n to both sides of (j6.15j) . The images of the terms in the last 
sum with 72 > vanish, since qa,,n(eQ,iX) = for any x G by (|4.3|) . (iv). The images 
of the terms in the last sum with n = do not contribute to the 'leading term', since 
the algebra n_(ai) is invariant with respect to the adjoint action of Cq.. We obtained 
the statement: 

Lemma 6.8. The leading term of qi{z'^)) is equal to the leading term of qa-^nTiqaX"^)- 
Let us compute the leading term of qa^.n^jQa, (^)- We have 

\n=0 ' , 

=q"»'n ( E \f-o.XUv)yi^ {{haMha. + 1) " " " {h^. +n- 1))-'] 
\n=0 ■ / 

=q".,n ( E ^^-a.miv))el] {{ha. + 2){ha, + 3) ■ ■ ■ {h^^ +n + 1))-' 

\n=0 / 



by the property ()4.3|1 . (iii). Since qai,n{eaiX) = for any x G A', we get further 

q„,,,T,q,,(t;) = ^ ^^q„„n {elel^ST^{v))) {{ha. + 2) ■ ■ ■ {h^. +n + l))' 



n=0 



Since e.^^e."^^{T^{v)) belongs to V , the leading term of q^.^n (eaje"^^(Tj(t>))) is equal to 
eJJ^e"a^(Tj(f )) and the leading term of qa,,nTiqa.,n{v) is equal to the sum 



oo / 



E —;^^l^-aST^{v)) {{ha. + 2) ■ ■ • {ha. +n+ 1))"^ 



n=0 



which can be written as B^^l^ [p] (1 ® Ti{v)). □ 

As well as in the previous section, for a reduced decomposition w = Sai ■ ■ ■ Sa„ of 

an element w & W and a corresponding sequence of positive roots: 71 = ai, 72 = 
Sai{c(2), • • • we have, assuming the existence of z^. 



q«'(4)-^;(2)^[^]...B(2j[,](i^T„(,))- 
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7. MiCKELSSON ALGEBRA Z^_{A) 

In this section we collect the results of the previous section for a Mickelsson algebra 
Zn^{A), see the definition below. This algebra deserves a special attention, since it 
acts on n_-coinvariants, which are sometimes more convenient than n-invariants. If a 0- 
admissible algebra A admits an antiinvolution, which extends the Cartan antiinvolution 
* : U{q) U{q), then all the results of this section can be obtained by an application 
of this antiinvolution to corresponding results of the previous sections. 

7.1. Algebra Zn_{A) and related structures. For any associative algebra A, which 
contatins U{q), we define Mickelsson algebras Sn_{A) and Zn_{A) as the quotients 

(A) = n_^\Nr(n_^), Zn_ (A) = n_^'\Nr(n_^') , 

where Nr(n_^) (Nr(n 4')) is the normalizer of the right ideal n A (n 4'). The 

algebra Z„_{A) is a localization of the algebra Sn_{A): Z„_{A) = D ®u(^)) 'S'n_(^)- 

Alternatively, the Mickelsson algebra Zn_ {A) can be described as a subspace of n_- 
invariants in a right f/(0)-module Mn_ {-A') = n_^'\^': 

= (^M„_(^'))"" ={me M„K) I mn_ = 0} . 

As well as S'"(^), the space Sn_{A) is an associative algebra, containing f/([)), and 
for any left ^-module M, the space Mn_ = M/n_M of n_-coinvariants is a S'n_(w4,)- 
module, see Proposition 13.11 The algebra Zn_ acts in the space of n_-coinvariants 
of any left ^'-module M. 

Suppose that a (^-admissible algebra A satisfies the additional local lowest weight 
condition 

(LW) For any v G V the adjoint action of elements x G f/(n_)^ on v is nontrivial, 
x{v) 7^ 0, only for a finite number of yU G f)*. 

Then the quotient Mn_ {A!) = n-A'\A'n has a structure of a right Fg^^-module, 
extending the action of A' by the right multiplication. In particular, the extremal 
projector P acts in the right Fg ^-module M„_ {A'). Denote the corresponding operator 

by p G EndMn_(^'), see Section O 

The properties of the extremal projectors imply the relation 

(7.1) Zn_ (A) = Imp C Mn_ {A') . 

Equip the double coset space n--A.n, see (j3.6p . with a multiplication o : n_'4.„®n_'4.n 
A ■ 

(7.2) aob = aPb =^ p(a) -b . 

We also call the double coset space n.An, equipped with the operation ()7.2p . the dou- 
ble coset algebra n--^n- In a case, when both conditions (HW) and (LW) are satisfied, 
the multiplication rules (j3.7p and (j7.2j) coincide. 

Define linear maps 0_ : Zn_ (A) „- and : A„ Z„ (A) by the rules 

(7.3) 0_(x)=x mod ^'n, -ip^iv) = p{y), x e Zn_{A),y e „_A„ . 

Proposition 7.1. Assume that a g-admissible algebra A satisfies the condition (LW). 
Then 

(i) The operation ^3. 7| ) equips n--^n with a structure of an associative algebra. 
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(ii) The linear maps 0_ and ip^ are inverse to each other and establish an isomor- 
phism of the algebras Zn_{A) and „_An- 

We have the 'lowest weight counterparts' of Propositions 13.31 and 13.41 

Proposition 7.2. Let A be a g-admissible algebra satisfying the condition (LW). Then 

(i) Each element of the double coset algebra n^An can be uniquely presented in a 
form X = J^i^i'^i) where di G D, Wi G V, so that n^An is a free left (and right) 
D-module, isomorphic to D ®V . 

(ii) For each f G V there exists a unique element G Zn_ {A) of the form 

(7.4) f„ = f + ^ ViCidi , Ci G nf/(n), di^ D, v^eV , 

i=l,...,k 

SO that the algebra Zn_{A) is a free left (and right) D-module, generated by the 
elements z^. The element z^ is equal to p(f). 

(iii) For each f G V there exists at most one element z'^ G i^A) of the form 

(7.5) z'^ = v^ ^ ejWjrfj , Cj G xvU (n), dj E D, Vj eV . 

Next, we have analogs of Theorems Q and |21 

Theorem 5. Let g be reductive and finite- dimensional, A a Q-admissible algebra with 
a generating subspace V. Then for any f G V 

(i) there exists a unique element z'^ G Zn_{A) of the form (|7.5| ). The algebra 
Z„ {A) is generated by the elements z'^ as a free left (and right) D-module; 

(ii) vje have the following equality in Z„ (A) 

Here Zd^y d • Zy^ ^disiv ^ ' ^v®d Zy • d, ^y(^d ' 
7.2. Zhelobenko maps. For any real root a, the relations 

=y^_,-rT;9n,a- el- e":^{x) modn_c,^', xeA, 

n=0 ^ ' 

q^(rfx) = r„(rf)q^(x), de D 

define a map q„ : ^ n_Q^'\^', such that for any x ^ A! 

(7.7) %^{eax) = 0, q^(xe_„) = q„(x)e_Q = . 

Here gn,a is given by ()4.2|) . n±a = Ce±Q,. We have analogs of Propositions 14. ![ 14.21 and 
Theorem El 

Theorem 6. 

(i) The map qa defines an isomorphism of algebras qa : xxa-^n^o, ~^ Z„_^{A), such 
that for any d E D, 

[d, qa{x)] = qa{[d, x]), qa{dx) = Ta{d)qa{x) . 

(ii) For any x G Zn^ (A) and y G Zn_^ (A) we have 

(7.8) q-aqa{x) = {ha + l)x{ha + iy^, qaq-a{y) = {h^ + iy^y{ha + 1) . 
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Theorem ini implies the equahty 

qa{xy) = q(a;)q(?/) for any x G Nr(na^'), y E A' . 

For a maximal nilpotent subalgebra m of g, such that is a simple positive root 
vector of m, define the linear map qa}m '■ A' — m_^'\^' by the prescriptions 

oo ^ 

(7-9) ci^,mix) = ^ -rT^gn,a ■ el ■ e'l^ix) mod m^^', x E A, 

n=0 ^ 

(7-10) ^a,midx) = Ta{d)q^{x), dE D . 

The assignment q^, „ satisfies the relation q^ ^ (mi°^') = and determines the map 

We have, see Proposition 14.41 and Theorem 
Proposition 7.3. 

(i) The map qa,m transforms Nr{xn^_^A') to the Mickelsson algebra Zm_{A) and 

qa,m{zu) = qa,m{z)qa,m{u) for any z E Nr{m'TA'), u E A!. 

(ii) The restriction of the map qa^m to the normalizer Nr{vc\fj^A') defines an isomor- 
phism of the algebras Z^^a[A) and Zm_{A), satisfying the relations 

(7.11) [d, q„_^(x)] = q„ „,([, x]), q^.^M = q^^^ai^Md) , dED. 

For any w E W, satisfying the condition ()4.1fi|l . and its reduced decomposition ()4.17|l 
we define a map q^^rn '■ m";^'\^' — ^ m_^'\^' by the relation 

Q.ui,m Q.7i,mi ■ Q72,m2 ' • • • ' Q.7„,m„ ) 

where positive roots 7^ and maximal nilpotent subalgebras rrifc are defined by the 
prescriptions ()4.18|) - ()4.19|) . This map does not depend on a choice of the reduced 
decomposition of w and satisfies the relations 

(7.12) qw'w,m = qw',mqw,m-'' if l{w'w) = l{w') +l{w) , 

(7.13) [h,qw,m{x)] = qw,m{[h.,x\), qw,m{dx) id) q«),m('^) 

for any x E A', h E i) and dED. 

The restriction of qw,m to the normalizer Nr(m!^!^') defines an isomorphism of the 
algebras Zm^{A) and Zm_{A), satisfying ()7.13|) . We denote q^ = q^^n- 

The following counterpart of Proposition 14.61 is valid. 

Proposition 7.4. Let q be a finite- dimensional reductive Lie algebra. Let wq be the 
longest element of the Weyl group W . Then 

(i) The map q^^ defines an isomorphism of the algebras n^An and Zn_{A), such 
that for any x E n.-^n; dED and v eV 

(7.14) [d,q^o(x)] = q^o([rf,x]), qwoidx) (d)q 

(ii) The restriction of q^Q to the normalizer Nr{x\.A!) defines an isomorphism of the 
algebras Z^i^A) and Zn_{A), satisfying \7.14\l , such that 

qwo{Zn,v) = Z'^_,y, VEV. 
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Here z^^^ are the generators of the Mickelsson algebra Zn{A) of the 'first type', see 
Proposition 17.21 (i), z'„_ ^ are the generators of the Mickelsson algebra Z„_{A) of the 
'second type', see Proposition 17.21 fii). 

7.3. Braid group action. Keep the notation of Section IHl We suppose again that 
the automorphisms Tj : f/(g) — > U{g), i = l,...,r, see Section ITT] admit extensions 
to automorphisms : ^ — ^ of a g-admissible algebra A, satisfying the braid group 
relations 

Then for each maximal nilpotent subalgebra m = n"', where w & W, and a root a, 
such that the root vector is a simple positive root vector of m, we have the relations: 



(7.15) Qa,m — -^ui*l'!Ai~i(o),n^io • 

For each G 11 define operators : n_^'\^' n_^'\^' and : n_^'\^' — >• 
n_^'\^' as 

qi = ^Sa. ' Tj^i ^w — qui ■ . 
The operators q^ satisfy the braid group relations, 

that is, 

qw'w = qw'qw, if l{w'w) = l{w') + l{w) . 
For any w G W , x G Zn_ {A)^ y G n_^'\^' and d & D we have by Proposition 17.31 

qw{[h,x]) = [w{h),q,^{x)], q^{dx) = (w o d) ■ q^{x) , 
qw{xy) = qw{x) ■ q^(?/) . 

Corollary 7.5. 

(i) The restriction of qi to Z„_{A) defines an automorphism of Zn_{A), satisfying 

rm . 

(ii) For any y G Zy^ {A) we have 

The following proposition describes the action of the automorphisms q^ on the canon- 
ical generators of the Mickelsson algebra Z^ [A) . 

Proposition 7.6. 

(i) Assume that A satisfies the LW condition. Then 

qi{z^) = 2:cWj_p](T^(^,)55i) • 

(ii) Assume that the element z'^ G Zn_{A) is defined. Then qi{z[j) is also defined 
and is given by the relation 

^*(^^) = ^B(V[P](T,(.)01))- 

The operators c2a[A] and b||!^[A] are defined in Section 

Remark. Let w = Sa^^ - ■ ■ Sa„ be a reduced decomposition of an element w G W. Let 
7i, . . . ,7„ be the corresponding sequence of positive roots: 71 = ai, 72 = 50,^(0:2), . . .. 
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Then the properties of the maps and qj, see Proposition 16.21 imply the following 
relations 

8. Standard modules and dynamical Weyl group 
8.1. Double coset space. Recall the notation n_^n = n-A'\A' / A'n from Section 

Lemma 8.1. The multiplication in A' equips the double coset space n-^n with the 
structure of the left Z^_{A) -module and the right Z"^ [A) -module. 

Proof follows from the definition of normalizers. □ 
If A satisfies the HW condition, Proposition 13.21 says that the double coset space 
„_^n is a free right Z"(^)-module of rank one, generated by the class of 1. If A 
satisfies the LW condition. Proposition 17. II savs that the double coset space n_v4n is a 
free left Z„ (^) -module of rank one, generated by the class of 1. 

Lemma says that the operators q, : A!/A!x\. A'/A'n and q^ : n_^'\^' 
n_v4'\^' correctly define operators in the double coset space n_-^n- We denote them 
by the same symbol. According to definitions, they are given by the formulas 

^^(^) = E -^^aMx)) ■ ■ g^,^^ mod n_^' + ^'n, 

oo ^ 
n=0 

where gn,a, = {KX^a, -!)■•• {h^^ - n + 1))"\ Equivalently, 

oo ^ 

(8.1) q.(x) = 5^-e!^„i^^(T,(x))-^7.,«. mod n_^' + ^'n, 

n=0 
oo 

(8.2) q^(x) = ^-^,,„^.e^^e!!„^(T,(x)) mod n_^' + ^'n. 

n.=0 

They satisfy all the properties, mentioned in Proposition 16.11 Proposition 16.21 and 
Corollary 16.31 

In the notation of Section 13. 5[ the formulas ()8.1|) and ()8.2|) mean that for any v & V 
we have the following equalities in n-^^n: 

(8.3) q.(t;)=m(c£)[-p](l®T,(t;))), q,(tO = m (c« [-p](T,(i;) ® 1)) , 

where m : D ®V A! and m -.V ® D A! are the multiplication maps. 

Let M be a module over an associative algebra U . Denote by E,m the corresponding 
homomorphism '■ U —>■ End(M). Let T : U ^ f/ be an automorphism of the 
algebra U. Denote by the tZ-module M, conjugated by the automorphism T. It 
can be described as follows. M"^ coincides with M as a vector space, while the map 
: f/ ^ End (M) = End (M^) is 

In this notation. Proposition 16.21 states the equivariance of the maps q^ and q^: 
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Proposition 8.2. 

(i) The map qj, given by iS.l]) . is a morphism of the right Z" (A) -modules: 

Q. • A ^ ( A)^' 

(ii) The map qi, given by iS.^) . is a morphism of the left Z n_ (A) -modules: 

a - A ^ ( AV' 

The same statement holds for the operators q^,, defined as products of ()8.1|) . and the 
operators q^, defined as products of (j8.2|) . where w G W. 

Let A G f)* be a generic weight, that is, {ha, X) ^ Z for any a E A. Then the 
following quotients of the double coset space are well defined: 

n^An,x = n-A'\A'/A' ■ (n, /i - {h, X))\het,) , 

^^■^^ x,„_A„=i{h-{h,X))\h^^,n^)A'\A'/A'n. 

The space n-^^n.A is a left Zn (^) -module, the space A.n-^^n is a right Z"(^)-module. 

Corollary 8.3. For a generic A G f)*, 

(i) the map liS.l]) defines a morphism of the right Z" (A) -modules: 

(ii) the map ^EIB) defines a morphism of the left Zn_{A) -modules: 

qi,\ ■ n-An,X i^n-An^Sa^oX^ 

Due to ()8.3|) . we have 

qi,A(f) = P^JA -p](T.(w)), q,^x{v) = p_„jA -p](T.(t;)), 

that is. 



E ^ n (^"» + A - p) + A:) " el^r^ST^iv)), 

n>0 * k=l 

( 1 \n ^ _\ 



q*,Aif j = 

n>0 ■ ■ fc=l 



n>0 k=l 



More generally, for any element w G ly, the maps q^ : A' /A!n — > A! IA!x\. and 
q^ : n_^'\^' n_v4'\^' define morphisms of modules over Mickelsson algebras 

Q.u;,A • A,n_'^n ^ («)oA,n_'^n) and qui, A • n_>^n,A ^ (n_'^iiioA,n) 

For a reduced decomposition w = Sa-^ ■ ■ ■ Sa„ of an element w E W and a corresponding 
sequence of positive roots 71, ... , 7„, we have 

q«;,A(f) = p^JA-p]---p^JA-p](T^(f)), qi,A(^^) = p_^JA-p]---p_^JA-p](T^(t;)). 

Remark. By the definition, the double coset space n_'^n,A = n^A\A/ An is a left 
Sn_ (A)- and a right S'"(^)-module. Its quotients 

n^An,x = n-A\A/A ■ (n, {h - {h, X))\het,) , 
A,n_A= (n-, (h - {h, X))\het,) A\A/An 

coincide with the spaces ()8.4|1 for generic A: n_^n,A = n_-^n,A and A,n_-^n = A,n_-^n- 
They have correspondingly the structure of a left 5'n_ (A)- and a right S'"(^)-module. 
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The module n.-^n.A can be interpreted as a space of n_-coinvariants in the left ^-module 
Mn^xi-^) = A/A-{n,h — {h,X)\h& i)). The module a, n_-^n can be interpreted as a space 
of n-coinvariants in the right ^-module Mx{A) = (n_, h — {h, \)\h E [)) ^\^. 

For each i, the operators and define homomorphisms of Mickelsson algebras 
S"{A) and S'n_ (A) to their localizations with respect to denominators, generated by 
monomials {ha^ + k), k E Z. If A G f)* satisfies the condition {hai,X) these 

localizations act in ^s^.oA.n.-^nj and ^n_-4.n,s„.oAj correspondingly. In this sense 

the operators q, and q^ define morphisms of the right S'"(^)-modules and of the left 
Sn_ (^)-modules: 

(8.5) qi^x : x,n-An — ^ ^s„-oA,n_-^nj and qi^x '■ n_-^n,A (^n-An,saiOxj 

One can regard ()8.5|) as a family of operators with a meromorphic dependence on a 
parameter A, study their singularities, residues etc. 

8.2. Quotients of free modules. As any associative algebra with unit, the Mickels- 
son algebra is a free left and a free right module over itself of rank one. Let us restrict 
ourselves to the Mickelsson algebra Z^{A) and its free right module of rank one. 

Let A G ()* be a generic weight. Consider the following quotient of the free right 
Z"(A)-module 

(8.6) ^xiA) = ih-{h,X))\,^^Z^{A)\Z^iA). 

It can be realized as follows. The multiplication m in ^ induces an isomorphism of the 
two left f/(0)-modules: 

(8.7) V ® Mr^ig) ^ Mn{A') , 

where Mn(0) is the 'universal Verma module' U'{g)/U'{Q)n, M^^A') = A'/A'n, and V 
is taken with a structure of the adjoint representation of g. The map (j8.7p is also an 
isomorphism of the right D-modules, where the structure of D-modules in the left hand 
side of (|8.7p is given by the prescription {v®m)-d = v®{m-d) for any t> G V, m G M^{q), 
d E D. The Mickelsson algebra is the space of highest weight vectors in Mn{A'), so 
with the identification ()8.7|) we have the following isomorphism of D-bimodules: 

(8.8) Z"(^)^(V®M„(g))". 

Recall that Z"{A) is a f/([))-bimodule and admits the weight decomposition with re- 
spect to the adjoint action of f). This implies that the right Z"(^)-module ^x{A) is a 
semisimple right t/(f))-module and admits a decomposition 

$a(^) = ®u^X,X-u, 

where the sum is taken over the weights u of A such that for any ip G ^x,fi{A) we have 

(8.9) ip ■ h = {h, fj,)ip , 
and $A,At coincides with the double coset 

$A,M = {h- {h, X))\He^ ■ Z''{A)\Z^{A)/Z^iA) ■ {h - {h,fi))\He^ . 
Analogously, the left Z"(A)-module ^.,fj.iA) 

$.,^(^) = Z"iA)/Z'^iA) ■ (h - (/i,/i))Uef, 
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admits a presentation 

With the identification (j8.8j) . the relation (j8.9|) can be interpreted as follows: any 
element G ^x^^{A) is a highest weight vector in the tensor product V ® of the 
weight A. Here = U{q)/U{q) ■ (n, {h — {h,p))h G P)) is the Verma module of g with 
the highest weight /i. We have proved 

Lemma 8.4. Let A G [)* &e generic and v E \)* a weight of Z'^IA). Then the weight 
space $A,A-i/ of the right Z" {A) -module ^\{A) is isomorphic to the space of intertwinig 
operators 

(8.10) $A,A-. ~ Hom u(s) (Mx, V ® Ma_.) . 

Denote by Ia the class of unit 1 G Z'^{A) in $a(^). The vector Ia generates ^x{A) 
as a Z"(^)-module. For any t> G V denote by $^ the vector of the right Z"(^)-module 
$A(a), obtained by an application of the element z'^ to Ia- It is equal to the class of z'^ 
in <^x{A). Let v be the weight of v. In the description ()8.10|) . $^ presents a map $^ G 
Hom c/(g) (Ma, V C?) Ma-j^), such that 

$^(lA) = i;®lA-. + l.o.t. 

where Ia is the highest weight vector of Verma module M\ and l.o.t. mean terms which 
have lower weight on the second tensor component. 

The properties of the operators imply that = ^wo\,wo^ii so that each 

operator q^; defines morphisms of the right and left Z"(^)-modules: 

(8.11) q^,A : ^x{A) ^ ($^oa)'*"' (^), q^,,.^ : ^.,M) ^ ("^..-o;.)^™ {A) . 
Proposition 16.61 gives a formula for transformations of vectors 

(o-l-^J q«;,Al'I'Aj - ^woX ) 

where 71, ...,7„ is the sequence of positive roots, attached to a reduced decomposition 
w = Sa,^ ■ ■ ■ Sa,^ by the standard rule 71 = ai^, 72 = s^,^ (oij, .... 

8.3. Relations to dynamical Weyl group. Let V be a f/(0)-module algebra with a 
locally nilpotent action of real root vectors and Av = ?7(0) k V be a smash product of 
U{q) and V, see the example 2 in Section IXTl 

The typical examples are: the tensor algebra of an integrable highest weight repre- 
sentation of Q and the symmetric algebra of an integrable highest weight representation 
of 0. 

Due to assumptions above, the g-module structure in V lifts to an action of the Weyl 
group of g in V by standard formulas 

(8.13) fi = exp ia, ■ exp -i-a, ■ exp Ca, ■ 

Due to ()8.13|) . operators Tj are automorphisms of the algebra V. 

The operators Tj admit a lift to automorphisms of A by the relation Ti{gv) = 
Ti{g)Ti{v), where g G U{q), f G V, and Ti{g) is the automorphism of U{q), as in 
Section 12.11 Actually, they are given by the same relation ()8.13|) with respect to the 
adjoint action of in A. 

Elements of right 2'"(^)-modules ^x{A) are known in this case under the name 
intertwining operators. The morphisms q^^A generate a so called dynamical Weyl group 
action, see jEVHTVj . 
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The intertwining operators ^x{A) form an algebroid with respect to the composition 
operation. The composition of intertwining operators can be described as follows. 

For a generic A G ()*, any morphism ipx '■ Mx — > V ® Mx-u of g-modules admits a lift 
to a morphism i^x '■ V<S)Mx — * V^Mx-u of ^'-modules by the rule i^xiv^m) = v-ipx{m) 
for any m G Mx- Then the composition ip'x^i, o ipx of intertwinig operators ipx £ ^\,\-v 
and ^'x-u ^ ^\-u,\-v-v' is an element ip'^ G $a,a-!^-i/'5 such that 

The composition of intertwining operators coincides with the structure of the right 
Z'"(^)-module in Namely, in the notation of the previous section, for any x G 
denote by $^ its class in $A; considered as intertwining operator. Then we 

have 

Proposition 8.5. jK] Let z' ,z" G Z"(^). Assume that the weight of z' with respect to 
the adjoint action of i) is u. Then 

The statement that the maps q^^ A are morphisms of Z"(^)-modules, see fIS.lip . 
is equivalent in this context to the statement that the dynamical Weyl group action 
respects the composition of intertwining operators. 

9. Quantum group settings 

9.1. Notation and assumptions. In this section we announce basic statements of 
the paper for Mickelsson algebras, related to reductions over quantum groups. We 
restrict our attention to the Mickelsson algebras Z"{A). 

Keep the notation of Section 12.11 Let u be an indeterminate; cij G N are defined 
by the condition that the matrix ( symmetric. Here is 

the Cartan matrix of 0. For any root 7 G A put = p^'^^'^)!'^^ [a]p = ^^Zp-i 1 
{.^)p = ^;fr symbols a and p. We also use the notation z/j = i/q,. = z/* for 

simple roots aj. 

Denote by Uij{q) the Hopf algebra, generated by Chevalley generators G Uy{x\), 
e-a, = fa, e UuinJ), k^l = vf^"' G U^{\)), where G H, so that 



k k~^ = v^°""'e^. = i/=^("*'°-')e-u 



E (-l)^4te±„,.eit = 0, z^j, where eg 



M.J ' 

A(e„J = O 1 + ® e„., ^(e-aj = 1 ® e_„. + e_ 

A(fco.) = /Cq- ® fca^, S{ka-) = k^^ , 

5'(eo.) = —k^^Cai, S{e-aJ = —e-a^kai ■ 

The adjoint action (j3.1|) of the Chevalley generators has the form 

^-^ (^Oii^) = ad 63,^(2^) — Cq,.x — k^.xk^. 6^^, 

(^-ai{x) = ade_„. (x) = [e_Q,,,x] ■ /cq. . 



39 

Let Tj = Tg. : U^{g) U^{q) be automorphisms of f/y(0), defined by the relations 
(9.2) T,(e«J= (-ir^[<)e„^.eW, ^ ^ j, 

r+s=l— a^j 

Ti(e_«J = ^ (-l)Vr^eLl^e_„^.efri^, « j • 

r+s=l— fli j 

Here we use the Cartan generators fc^, 7 G A. They are defined by the rules /c_q, = k^^, 
and ka+p = k^kp. 

In Lusztig's notation [E], Tj = T/_,_. For any to G they define automorphisms 
Tw '■ Ui,{g) — ^ Uu{g), as in Section lUTTl 

Denote by 1),^ the localization of the commutative algebra U,y{i)) with respect to the 
multiplicative set of denominators, generated by 

{[ha + k]^Ja eA,keZ}. 

Denote by Ul{g) the extension of Uu{g) by means of D,^: 

As well as in the nondeformed case (z^ = 1), there exists an extension F^^ of the algebra 
[/^(g) and an element P = ?„ G (the extremal projector), satisfying the conditions 
e„,P = Pe_„, =0, P2 = P, see |EIj. 

In particular, for the algebra Uq{sl2), generated by e±a and k^^, we have two pro- 
jection operators, P = PqIp], and P„ = P_Q,[p], where 

4)" 



\n 

(9.3) "=° 



n=0 



n=0 ^ ' 



and 



/a,n[A] = nt^" + (^"' + ^1.'' 9a,n[M = Ht"^" + + -^l-^ 

i=i i=i 

Let A be an associative algebra, which contains Uu{g). We call A a f/jy(0)-admissible 
algebra if 

(a) there is a subspace V C .4, invariant with respect to the adjoint action of f/i/(0), 
such that the multiplication m in ^ induces an isomorphisms of vector spaces 

(al) m : f/^(g) ® V (a2) m : V ® t/,,(g) ^ ; 

(b) the adjont action in V of all real root vectors G Uu{q), related to any normal 
ordering of the root system, is locally nilpotent. The adjoint action of the 
Cartan subalgebra Uu{i)) in V is semisimple. 

In particular, A is isomorphic to f/jy(g) V and to V ® Uu{g) as a f/,y(0)-module with 
respect to the adjoint action. 

Denote by n the linear subspace of ?7y(g) generated by the elements Cq-, ctj G 11. 
Denote by n the linear subspace of Ui^{q) generated by the elements e_Q,-, z G 11. Let 
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Ui,{n) be the subalgebra of generated by n and U^{n_) the subalgebra of U^{q), 

generated by n_. 

For any [/j,(0)-admissible algebra A put A' = A <^u^(t,) and define Mickelsson 
algebras S^{A) and Z^{A), as in Section 1X21 

S"{A) = Nr(^n)/^n, = Ni{A'n)/A'n 

and the double coset algebra n-^^n, see Section IX^ 

n_ A = n^A'\A'/A'n = A'/ (n^A' + A'n) , 

equipped with the multiplication structure ()3.7|) . 

With the conditions of Section 1231 the Mickelsson algebra Z"{A) has distinguished 
generators z^, z'^, v E V, determined by the relations ()3.9p and ()3.10p . 

9.2. Basic constructions. Let a G 11 be a simple root, = Ce^, n_a = Ce_a. Let 
a; e ^ be an element of A, finite with respect to the adjoint action of Cq,. Denote by 
qa{x) the following element of A'/A'Ua- 

i-iy 



5^ 7T^''^""'°""'"'e;(^)e"<,9n.o mod A'n, 



(9.4) I!;; 



\n\ 

n>0 L ' 



where gn,a = {[ha]u^ [ha - ^l^^ ■ ■ ■ [ha - n + 1]^^) \ The assignment ()9.4|) has the prop- 
erties 

(i) q^{xe-a) = , 

(ii) q«(a;fc-^) = u-^q^{x)k-\ (laiK^^) = ^a^k-\^{x) , 

(in) q^{xky) = q^{x)kj, (laikyx) = kyq^{x), if (/i„,7)=0, 

(iv) k'^eaqaix) = qaiK^eax) = . 

We extend the assignment ()9.4p to the map qa : A' ^ A'/A'ria with the help of the 
properties (ii) and (iii). It satisfies the property 

(9.5) qai^d) = q„(x)r„(rf), q„(c?x) = Taid)q^{x), d E , 

where : D^, ^ D^, ii E ^* is uniquely characterized by the conditions 

'^ai^k'y) —— ly^^^^^ k^ . 

Due to the property (iv) the map q^ defines a map qa : na«4n_c ~^ Z"°'{A). We have 
an analog of Theorem |H1 

Proposition 9.1. The map 

qa:n^An_^^Z"-{A) 

is an isomorphism of algebras. 

In the following we assume that the automorphisms ()9.2|) admit extensions Ti : A' ^ 
A', which satisfy the braid group relations ()6.1|) . though, as well as in the classical case, 
part of the results below do not depend on this assumption. 

Let w E W he an element of the Weyl group of g, a G II a simple root, such that 
l{wSa) = l{w) + 1. Set 7 = w{a), e±^ = Tyj{e±a) and = T^TaT~^. Denote by 
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m = n'" the linear span of the vectors T^^^eaJ, ctj G 11 and by m"*^ the space T^(m). 
Let q^^n^ be the hnear map q^^nr • ^ A' /A'm, defined by the prescription: 



n>0 ^ J*^^ 



^ y^i/7"(''--"+^)e;(x)e!!^(?„,^ mod ^'m, 



n>0 ^ ^""1 

for X, which are adjoint finite with respect to e^, and then extended to Ji! by means of 
the properties, analogous to (i) and (ii) for the map qo,. 

Here gn,^ = {[h^]u^ [h^ - l]u-, ■■■[h^ -n + . 
Proposition 9.2. 

(i) We have q^^^l-^'^*^) = 0, so q^^nt defines a map q^^^ : A' /A'm^'-' A'/ A'm. 

(ii) We have an equality (a = w~^{'y)) 

(9-6) 0.7, m -^«)Qa,n-^ui 

Note that the statement (ii) is nontrivial for z/ 7^ 1, since 

ad ^T-\y) ^ adr„(x)(l/) • 

Let w = {w = Sq,._^ Sq,.^ ■ ■ ■ Sq,.^ } be a reduced decomposition of the element w G 
W. Let 7i,...,7„ be a related sequence of positive roots: 71 = ai-^,...,jk = Sa^^ ■■■ 
Soi^ ^(ttjfe)? •••• Proposition 19.21 (i) implies that there is a well defined map 

qw : A'/A'n"" A'/A'n : qw = q7i,nq72,n''^i ■ ■ ■ q7„,n'^"-i -'^i • 

Proposition 9.3. Let g be of finite dimension. Then for any reduced decomposition 
Wo of the longest element wq of W the map q^g sends a vector v eV to the generator 
z'^ of the Mickelsson algebra Z"{A). 

Proposition 19 .31 implies that the maps q^^m satisfy the cocycle conditions, that is, the 
maps q^ do not depend on a reduced decomposition u? of w G W; they can thus be 
denoted as g^. 

Set q, = q^^. ■ Tj : A'/A'n A'/A'n. They satisfy the braid group relations: 

and, due to Proposition 19. If their restriction to Z"{A) are automorphisms of the Mick- 
elsson algebra, such that 

qi{dx) = (sq,- o d) ■ X, qi{xd) = x ■ {sa, ° d) , d E D^, x G A! . 

Here w o d is the natural extension of the shifted action of w G in f)*, see fl6.8p . to 
the automorphism of D^., defined by the conditions 

wok, = K^,yq^;^^^''-P^\ 
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9.3. Some calculations. There is a standard construction of tlie extension of the 
Hopf algebra U^{q) by means of automorphisms Tj. Namely, let (q) be the smash 
product of U^{g) and of the algebra, generated by elements , satisfying the braid 
group relations 

TjTj ■ ■ ■ = TjTj • • - , z 7^ j . 

The cross-product relations are 

(9.7) T,gTr' = T,{g), geU^iQ). 

Due to coalgebraic properties of Lusztig automorphism, the smash product U^{q) can 
be equipped with a structure of a Hopf algebra, if we put 

A{Ti) = Ti ® Ti ■ R,, 

where 



Ri = exp^-2 ((z/j - z/. ^)e^a, ® Ca,) = ^ 



n>0 ^ 



In the same way we extend the algebra A' to the cross-product , using the relations 
()9.7p . Since f/^ is a Hopf algebra, the adjoint action Tj of Tj in A^ is well defined. It 
respects the subalgebra A' C A^: Tj(^') C A'. The following statement is nontrivial 
for z/ 7^ 1 and important for calculations of the maps qj. 

Proposition 9.4. For any x E A! we have 

(\i{x) = qj(Tja;Tri) = qj(tj(a;)). 

Now we describe the squares of the automorphisms qj : Z^{A) Z^{A). Assume 
that elements Vm,j € V, m G Z>o, j = 0, 1, ...,m form a finite-dimensional represen- 
tation of the algebra U^{sl2), generated by e±a^ and k^^, with respect to the adjoint 
action, so that we have: 

(9.8) e^+^ (V-raj) = e^I^a^^ ('"m,j) = 0, h^^ {Vm,j) = {m - 2j)v.ra,j ■ 

In particular, Vm = Vm,o is the highest weight vector of this representation, and Vm.j = 
Proposition 9.5. Assume that Vm,j G V satisfy Hy.^) . Then 

(9.9) ciiVn.,) = Z.-^-(--^-+l)-(^-+l)(-^-) ■ + 1];/ ■ T'Mn,) ■ + lU ■ 

The property ()9.9|) simplifies under natural assumptions on operators Tj : V — ^ V. 
Namely, suppose that the operators Tj : V ^ V satisfy properties of Lusztig symmetries 
Tl^, that is, (see |L], 5.2.2) 



(9.10) t,(t;„,,) = zy^(-+i-J) 



m,m—j • 



Corollary 9.6. With the conditions i9.1(J\} for any x G Z"{A) we have 
(9.11) q^{x) = [h^^ + l]-'-x-[h^^ + lU. 
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Keep the notation ()3.12|) of Section ITU For a real root a G A^'^, set 



fc=i 

n 



1 



Here /la"* = adj^^j is the adjoint action of in V, h^a^ is the operator of muhiphcation 

by ha in D. For /i G ()* define operators C^^^[/i] : D ®V ^ D ®V and B^^[/i] : 
L> (g) V ^ D ® V by the relations (ITTHll : 



c?'M = Ex;r^/SM(«5-'i)"(«')" 



n 

n=0 



n=0 



Proposition 9.7. For an?/ v & V we have 

qi(4) = ^bL%[p](i®t,(^))' = ^cL2,)[-p]{i®T,M) • 

9.4. Another adjoint action. In this Section we sketch the modification of the above 
constructions for the second adjoint action. 

Let U°p{q) be the Hopf algebra Ui,{g), described in Section IfTT] with the same mul- 
tiplication and opposite comultiplication, 

A'^icaJ = K,^ ® + e,, ® 1, A°P(e_„J = e_,, ® + 1 ® e_,, . 

The adjoint action (jH.ip for the algebra U°^{q) looks slightly different: 

6q,.(x) = ade„. (x) = [eQ,-,x] ■ , 

Let ^ be a t/°'''(0)-admissible algebra. We define Zhelobenko operators, starting from 
the assignment 

n>0 ^'^J'^"- 

Corresponding maps Qd^nr satisfy the cocycle conditions, such that the operators 

q.i = ^.ai,n ■ Fj 

are automorphisms of the Mickelsson algebra Z"{A), satisfying the braid group rela- 
tions. 
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9.5. Relations to dynamical Weyl group. Let V be a U^{g)-modu\e algebra with a 
locally nilpotent action of real root vectors of Uu{q). It means that V is an associative 
algebra and a f/;^(g)-module, such that for any g G Ui^{q), fi, f2 G V, we have the 
equality 

' 'I 

Here A((yf) = X^jS'i ® d'l^ ^"^^ di'^) action of 5^ G U^{q) on u G V. Suppose that 

V is equipped with an action of operators Tj, which are automorphisms of the algebra, 
satisfy the braid group relations, and form an equivariant structure with respect to the 
operators (j9.2p . that is, for any v & V, g E U^^q), 

f,{g{v))=Ug)Uv), 

where Ti{g) means the application of operators (j9.2p . 

These conditions imply that V is a module algebra over {q). So we have a well 
defined smash product {q) k V, which contains Uy{Q) x V and the elements Tj. 
The automorphisms T^: {q) x V ^ {q) k V, given as Tj(x) = TjxT- preserve 
the subalgebra Uy{Q) x V. Moreover, the restriction of the adjoint action of Tj on V 
coincides with Tf Tj|v = Tj. Thus the smash product A = Uy{Q) \k V is a. U^{q)- 
admissible algebra. 

Elements of the right Z"(^)-module ^x{A), defined in (j8.6p . are intertwining oper- 
ators <l>^ : Ma — > V ® Ma. Operators qj give rise to the operators q^^A of the dynamical 
Weyl group 

and 

q«;,Al'5Aj = ^woX 

where 71, ...,7„ is the sequence of positive roots, attached to a reduced decomposition 
w = Sq, ■ ■ ■ Sq, by the standard rule 71 = a j^ , 72 = Sq, (a jj ) , . . . ; here p [A + p] is the 
adjoint action of the operators (|9.3|) . e-t^^ = T^.^ ■ ■ -Tq,-^ ^(e±Q,-^) are the Cartan-Weyl 
generators. 

10. Concluding remarks 

We conclude with remarks on the assumptions on a g-admissible algebra A, used in 
the paper. They are listed in Section IXTl 

The assumption (a) requires an existence of an ad -invariant subspace V C such 
that the multiplication m in ^ induces isomorphisms of vector spaces 

(al) m : Uu{g) ®V ^ A, (a2) m : V ® U^ig) ^ A . 

Assumptions (al) and (a2) are not of equal use. For the Mickelsson algebra Z"{A) we 
need the condition (al) only when we use generators Zy, that is, in Proposition \'S.'S\ 
Theorem |2l Corollary 14. 7t in Section 16.21 and in corresponding statements of Section 
El On the contrary, the construction of the Zhelobenko operators for the algebra 
Z^[A) requires the condition (al) from the very beginning. The condition (a2) is also 
necessary for the existence of the generators z^. 

For the algebra Zn_{A) the situation is opposite. We need the condition (al) for 
the construction of the Zhelobenko maps and generators z'^, while the condition (a2) is 
related only to the generators z^. Both conditions (al) and (a2) are satisfied for basic 
examples, listed in Section IXTl 
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The condition (b) requires a local nilpotency of the adjoint action of real root vectors 
in V. It always takes place if the space V is a sum of integrable representations or an 
affinization V{z) of a locally finite representation of an affine algebra f/^(g) with the 
gradation element dropped. 

In the latter case the generators Zy or z'^ do not formally exist, since neither the 
highest weight (HW) from Section 13.31 nor the lowest weight (LW) condition from 
Section 17.11 is satisfied. Nevertheless, in this case the generators of the Mickelsson 
algebra exist as formal series and could be used with a proper attention to convergences. 
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